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EXCELLENCE, F -SINGULARITIES, AND SOLIDITY
RANKEYA DATTA AND TAKUMI MURAYAMA
WITH AN APPENDIX BY KAREN E. SMITH
Abstract. An R-algebra S is R-solid if there exists a nonzero R-linear map S → R. In charac-
teristic p, the study of F -singularities such as Frobenius splittings implicitly rely on the R-solidity
of R1/p. Following recent results of the first two authors on the Frobenius non-splitting of cer-
tain excellent F -pure rings, in this paper we use the notion of solidity to systematically study the
notion of excellence, with an emphasis on F -singularities. We show that for rings R essentially
of finite type over complete local rings of characteristic p, reducedness implies the R-solidity of
R1/p, F -purity implies Frobenius splitting, and F -pure regularity implies split F -regularity. We
demonstrate that Henselizations and completions are not solid, providing obstructions for the R-
solidity of R1/p for arbitrary excellent rings. This also has negative consequences for the solidity
of big Cohen–Macaulay algebras, an important example of which are absolute integral closures of
excellent local rings in prime characteristic. We establish a close relationship between the solidity
of absolute integral closures and the notion of Japanese rings. Analyzing the Japanese property re-
veals that Dedekind domains R for which R1/p is R-solid are excellent, despite our recent examples
of excellent Euclidean domains with no nonzero p−1-linear maps. Additionally, we show that while
perfect closures are often solid in algebro-geometric situations, there exist locally excellent domains
with solid perfect closures whose absolute integral closures are not solid. In an appendix, Karen E.
Smith uses the solidity of absolute integral closures to characterize the test ideal for a large class
of Gorenstein domains of prime characteristic.
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1. Introduction
In the 1950s, Nagata constructed various examples of Noetherian rings that behave badly under
taking completions and integral closures (see [Nag75, App. A1]). In order to avoid such pathologies,
Grothendieck and Dieudonne´ introduced excellent rings, which form a large class of rings for which
deep theorems of algebraic geometry such as resolutions of singularities are conjectured to hold
[EGAIV2, De´f. 7.8.2 and Rem. 7.9.6]. In prime characteristic p > 0, Smith and the first author
characterized excellent domains R in terms of the existence of nonzero R-linear maps F∗R → R
when the fraction field K of R satisfies [K : Kp] <∞, that is, when K is F -finite [DS18]. On the
other hand, the first two authors recently constructed examples of excellent regular domains for
which there exist no nonzero R-linear maps F∗R→ R when one relaxes F -finiteness of the fraction
field [DM(b)]. Here, F∗R denotes the ring R with the R-algebra structure given by restricting
scalars via the Frobenius (p-th power) map F : R → F∗R. We will refer to R-linear maps of the
form F∗R→ R as p
−1-linear maps.
EXCELLENCE, F -SINGULARITIES, AND SOLIDITY 3
Our goal in this paper is to systematically study how the excellence of a ring R interacts with the
existence of nonzero p−1-linear maps in prime characteristic, and more generally, with the existence
of nonzero R-linear maps S → R for certain R-algebras S in arbitrary characteristic. Hochster
utilized such R-algebras to propose a closure operation called solid closure as a characteristic
independent substitute for tight closure [Hoc94]. Following Hochster [Hoc94, Def. 1.1], an R-
algebra S is R-solid if there exists a nonzero R-linear map S → R. For example, for a ring R of
prime characteristic p > 0, the existence of a nonzero p−1-linear map such as a Frobenius splitting
is precisely the assertion that F∗R is a solid R-algebra. Thus, the notion of solid algebras provides
a convenient framework to investigate questions related to the non-triviality of the dual space of
certain algebras.
We focus first on the case of prime characteristic p > 0. In this setting, the theory of F -
singularities studies how the properties of the Frobenius map F : R → F∗R are related to the
singularities of a Noetherian ring R of characteristic p. This theory began with the work of Kunz
[Kun69; Kun76], and was subsequently developed in parallel in the theories of F -purity and tight
closure in commutative algebra (see, for example, [HR76; HH90]) and in the theory of Frobenius
splittings in algebraic geometry (see, for example, [MR85]). One differentiating aspect between
these approaches is that Hochster and Roberts focused on the purity of the Frobenius map, while
Mehta and Ramanthan focused on the splitting of the Frobenius map. Their approaches were
known to coincide in the setting of Noetherian F -finite rings and for complete local rings, but this
does not seem to have been known in general, even for rings of finite type over an arbitrary field of
positive characteristic.
Our first main result says that for the purposes of classical algebraic geometry, the approaches
of Hochster–Roberts and of Mehta–Ramanathan coincide.
Theorem 1.1 (see Theorem 3.1.1). An F -pure (resp. strongly F -regular) ring essentially of finite
type over a complete local ring of prime characteristic p > 0 is Frobenius split (resp. split F -regular).
In particular, F -purity and Frobenius splitting coincide for rings essentially of finite type over fields
of positive characteristic that are not necessarily F -finite. Here, the notion of strong F -regularity
that we use is one defined in terms of tight closure, following Hochster, while split F -regularity
is defined in terms of splittings of maps R → F e∗R sending 1 to certain elements c ∈ F
e
∗R. Both
variants (see Definition 2.4.1) coincide with the usual notion of strong F -regularity in the setting
of Noetherian F -finite rings, and Theorem 1.1 shows that the notions coincide for a large class of
non-F -finite Noetherian rings as well.
Despite the equivalence of the related notions of singularity proved in Theorem 1.1, the first
two authors recently constructed examples which exhibit that F -purity is distinct from Frobenius
splitting for excellent rings in general [DM(b), Thm. A]. Using these same examples arising from
rigid analytic geometry, we show in the present paper that while F -purity behaves well under
completions for excellent rings (and more generally for faithfully flat maps with sufficiently nice
fibers), Frobenius splittings do not in general.
Proposition 1.2 (see Propositions 4.2.1 and 4.2.3). Let ϕ : R → S be a map of Noetherian rings
of prime characteristic p > 0.
(i) If ϕ is flat and has geometrically regular fibers, then F -purity ascends from R to S.
(ii) If ϕ is faithfully flat (more generally, is pure), then F -purity descends from S to R.
However, there exist examples of excellent regular Henselian local rings R and S for which Frobenius
splitting fails to ascend under regular maps, and fails to descend under faithfully flat maps.
Note that properties (i) and (ii) for F -purity are well-known (see [Has10, Prop. 2.4.4] and [HR76,
Prop. 5.13], respectively). The new contents in Proposition 1.2 are the examples which illustrate
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that F -purity is a better behaved notion of singularity than Frobenius splitting with respect to
permanence properties for excellent rings that are not essentially of finite type over complete local
rings. At the same time, although Frobenius splittings do not ascend under arbitrary flat maps
with geometrically regular fibers, we show that the property behaves well under the closely related
notion of smooth maps even in a non-F -finite setting (see Proposition 4.2.1(ii)). This indicates
that as a notion of singularity, Frobenius splitting behaves best under additional hypotheses such
as being of finite type.
Just as Frobenius splitting behaves well only under additional hypotheses, we demonstrate that
the two most natural variants of the usual notion of strong F -regularity, namely split F -regularity
and F -pure regularity, do not coincide for arbitrary excellent rings (see Theorem 3.3.4 and Corol-
lary 3.3.5). More specifically, we prove that Tate algebras and convergent power series rings over
complete non-Archimedean fields of prime characteristic are always F -pure regular, while [DM(b)]
provides examples of non-Archimedean fields over which such rings are not always split F -regular.
This is despite the fact that Tate algebras and convergent power series rings are the rigid analytic
analogues of polynomial rings, their localizations, and the completions thereof, all three of which
are split F -regular by Theorem 1.1.
An interesting aspect of the authors’ examples in [DM(b)] is that not only are the excellent
regular rings R therein not split F -regular, but the rings R are not even F -solid, that is, R does
not admit any nonzero R-linear maps F∗R → R. Given the connection between F -solidity and
excellence established in [DS18], we show that a large class of excellent Noetherian domains are
nevertheless F -solid, without assuming that their fraction fields are F -finite.
Theorem 1.3 (see Theorem 5.3.1 and Proposition 5.4.1). A reduced ring which is essentially of
finite type over a complete local ring of prime characteristic p > 0 is F -solid. Nevertheless, for
each integer n > 0, there exist excellent Henselian regular local rings of characteristic p > 0 and
Krull dimension n that are not F -solid.
Theorem 1.3 should be viewed as a natural extension of Theorem 1.1 because a Frobenius splitting
is a special instance of a nonzero p−1-linear map. To better explain the difference in behavior
between rings of finite type over complete local rings and more general excellent rings such as Tate
algebras from the point of view of F -solidity, we prove some obstructions for descending F -solidity
from the complete to the non-complete cases in the following result.
Theorem 1.4 (see Theorems 6.1.1 and 6.1.3). Let R be a Noetherian domain of arbitrary charac-
teristic.
(i) If R is a non-Henselian local ring whose Henselization Rh is a domain, then Rh is not a
solid R-algebra.
(ii) If I is an ideal of R and R is not I-adically complete, then the I-adic completion R̂I is not
a solid R-algebra.
In particular, Theorem 1.4 illustrates that there is no general method to reduce the question of
F -solidity of rings essentially of finite type over excellent local rings to that of F -solidity of rings
that are essentially of finite type over a complete local ring. This provides another perspective on
the non-F -solid excellent local examples obtained in [DM(b)].
Theorem 1.4 has consequences for Hochster and Huneke’s theory of big Cohen–Macaulay algebras.
In particular, while big Cohen–Macaulay algebras for complete local rings are always solid, if
(R,m) is a mixed characteristic Noetherian domain that is not m-adically complete, then Theorem
1.4 implies that all known constructions of big Cohen–Macaulay R-algebras are non-R-solid (see
Propositions 6.2.1 and 6.2.3).
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One of the principal examples of a big Cohen–Macaulay algebra in prime characteristic is the
absolute integral closure of an excellent local domain. Recall that if R is a domain, then the
absolute integral closure R+ of R is the integral closure of R in an algebraic closure of its fraction
field. Since big Cohen–Macaulay algebras in prime and mixed characteristics are often constructed
as extensions of R+, it is natural to ask whether R+ itself is a solid R-algebra. The following result
shows that the R-solidity of R+ is closely connected with an important property that is implied by
excellence, namely that of being Japanese (see Definition 7.1.1).
Theorem 1.5 (see Theorem 7.2.1 and Corollary 7.3.2). Let R be a Noetherian domain of arbitrary
characteristic.
(i) If the absolute integral closure R+ is a solid R-algebra, then R is a Japanese ring. The
converse holds if R contains the rational numbers Q.
(ii) Suppose R has prime characteristic. If the perfect closure Rperf is a solid R-algebra, or
more generally, if R is F -solid, then R is N-1 if and only if R is Japanese.
The perfect closure Rperf of R is the universal perfect ring with respect to ring homomorphisms
from R to a perfect ring (see (2.0.0.1)), while the N-1 condition is a generalization of the Japanese
property (see Definition 7.1.1). The N-1 and Japanese properties are well-known to be equivalent
when the fraction fieldK of R has characteristic zero due to the absence of inseparability phenomena
(see [Mat80, (31.B), Cor. 1]). Thus, Theorem 1.5 can be interpreted as saying that in prime
characteristic, F -solidity is an antidote to inseparability.
One of the more surprising aspects of the constructions in [DM(b)] are the examples of excellent
Euclidean domains which illustrate the failure of F -solidity even for prime characteristic excellent
rings of Krull dimension one. However, by carefully analyzing the N-1 and Japanese properties,
we show in this paper that for most rings of Krull dimension one, the R-solidity of R+ or of F∗R
in fact implies that R is excellent. Our result does not impose any F -finiteness restrictions on the
fraction field of R, which was the case in [DS18].
Theorem 1.6 (see Theorem 7.4.1). Let R be a Noetherian N-1 domain of Krull dimension one.
Suppose R+ is a solid R-algebra (in which case one does not need R to be N-1), or that R is an
F -solid domain of prime characteristic p > 0. Then, R is excellent. In particular, a Frobenius split
(or F -solid) Dedekind domain is always excellent.
Furthermore, Theorem 1.6 yields a characterization of excellence for DVRs of prime characteristic
in terms of F -solidity. This extends [DS18, Thm. 4.1] to a larger class of DVRs, and provides an
almost complete classification for which DVRs are F -solid.
Corollary 1.7 (see Corollary 7.4.3). Let (R,m) be a DVR of prime characteristic p > 0. Consider
the following statements:
(i) R is F -solid.
(ii) R is Frobenius split.
(iii) R is split F -regular.
(iv) R is excellent.
Then, (i), (ii), and (iii) are equivalent, and always imply (iv). All four assertions are equivalent if
R is essentially of finite type over a complete local ring, or the fraction field K of R is such that
K1/p is countably generated over K. However, there exist excellent Henselian DVRs that are not
F -solid.
A natural question that arises from Theorem 1.6 and Corollary 1.7 is whether there exist non-
excellent domains that are F -solid. We end the main body of the paper by addressing this question
using a meta-construction of Hochster. Hochster’s construction (see Theorem 7.5.1) provides an
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abundance of examples of biequidimensional locally excellent Noetherian domains that are Frobe-
nius split (see Corollary 7.5.3), and consequently F -solid, but not excellent. In fact, the construction
of Corollary 7.5.3, when specialized to Krull dimension one, provides examples of locally excellent
Noetherian domains R of prime characteristic whose perfect closures Rperf are solid, but whose
absolute integral closures R+ are not (see Example 7.5.4). This illustrates that solidity of Rperf
is more common than solidity of R+, further evidenced by the fact that most algebro-geometric
rings of prime characteristic have solid perfect closures (see Proposition 7.5.7). On the other hand,
surprisingly little seems to be known about the solidity of absolute integral closures of Noetherian
rings that are not complete local, even for polynomial rings over fields of positive characteristic (see
Question 8.4). We list this and other related open questions in §8.
Despite the mystery surrounding solidity of absolute integral closures, in Appendix A, Karen E.
Smith proves the following theorem by reinterpreting results from her fundamental thesis [Smi93],
thereby partially answering a question (Question 8.8) raised by the first two authors in §8:
Theorem 1.8 (see Theorem A.0.2). If R is a complete Noetherian Gorenstein local domain of
prime characteristic p > 0, then the image of the evaluation at 1 map
HomR(R
+, R)
eval@1
−−−−→ R
is the test ideal τ(R) of R.
Smith obtains a similar characterization of the test ideal τ(R) when R is an N-graded Gorenstein
ring of finite type over R0, when R0 is a field of prime characteristic (see Theorem A.3.2). For this
graded characterization, Smith replaces the absolute integral closure R+ by its graded analogues
R+GR and R+gr (see Definition A.3.1) and HomR by its graded analogue
*HomR in the statement
of Theorem 1.8.
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2. Notation and preliminaries
All rings will be commutative with identity. Given a domain R, the integral closure of R in its
fraction field (that is, the normalization of R) will often be denoted as RN . Most rings in this paper
will be Noetherian. On the other hand, if R is a Noetherian domain, we will consider its absolute
integral closure R+, which is the integral closure of R in an algebraic closure of its fraction field.
Similarly, if R is a Noetherian domain of prime characteristic, we will consider the perfect closure
Rperf := colim
e∈Z>0
(
R
F
−→ R
F
−→ · · ·
)
, (2.0.0.1)
where F : R → R is the Frobenius map (see Definition 2.1.1). Both rings R+ and Rperf are not
Noetherian unless R is a field.
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A discrete valuation ring (abbreviated DVR) is a Noetherian regular local ring of Krull dimension
one, or equivalently, a Noetherian normal ring with a unique nonzero maximal ideal that is principal.
2.1. Frobenius. We fix our notation for the Frobenius map.
Definition 2.1.1. Let R be a ring of prime characteristic p > 0. The Frobenius map is the ring
homomorphism
FR : R FR∗R.
r rp
We often consider the target copy of R as an R-algebra via FR, in which case we denote it by FR∗R.
In other words, FR∗R is the same underlying ring as R, but for r ∈ R and x ∈ FR∗R, the R-algebra
structure is given by
r · x = rpx.
The e-th iterate of the Frobenius map is denoted F eR∗ : R → F
e
R∗R. If R is a domain, then F
e
R∗R
will occasionally be identified with the ring R1/p
e
of pe-th roots of elements of R. Under this
identification, the map F eR corresponds to the inclusion R →֒ R
1/pe . An R-linear map of the form
F eR∗R → R will often be called a p
−e-linear map. We say R is F -finite if the Frobenius map is
finite (equivalently, of finite type).
We will sometimes drop the subscript R from F eR∗R and just write F
e
∗R instead when R is clear
from context or is too cumbersome to write as a subscript. We hope this does not cause any
confusion.
2.2. Excellent rings. A focus of this paper will be to better understand various notions of singu-
larities defined via the Frobenius map in the setting of excellent rings. These are a class of rings,
introduced by Grothendieck and Dieudonne´ and defined below, to which deep results in algebraic
geometry such as resolution of singularities are expected to extend.
Definition 2.2.1. Let R be a Noetherian ring. We say that R is excellent if it satisfies the following
axioms:
(1) R is universally catenary, that is, for every finite type R-algebra S, if p ( q are two prime
ideals of S, then all maximal chains of primes ideals from p to q have the same length.
(2) R is J-2, that is, for every finite type R-algebra S, the regular locus in Spec(S) is open.
(3) R is a G-ring, that is, for every prime ideal p of R, the pRp-adic completion map Rp → R̂p
has geometrically regular fibers.
We say that R is quasi-excellent if it satisfies axioms (2) and (3), but not necessarily (1). We say
that R is locally excellent if for all prime (equivalently, maximal) ideals p of R, the local ring Rp is
excellent.
Example 2.2.2.
(1) Local G-rings are quasi-excellent by [Mat80, Thm. 76 and footnote on p. 252].
(2) If R is an excellent ring, then any ring which is essentially of finite type over R is also
excellent. In particular, since a complete local Noetherian ring is excellent, any algebra
that is essentially of finite type over a complete local ring is also excellent. The same
applies for quasi-excellent rings. See [Mat80, (34.A) Def.] or [EGAIV2, Prop. 5.6.1(b), Rem.
5.6.3(i), Thms. 6.12.4 and 7.4.4(ii)].
(3) A Noetherian F -finite ring of prime characteristic is excellent by [Kun76, Thm. 2.5].
(4) Examples of locally excellent rings that are not excellent are abundant. See Theorem 7.5.1
for a construction due to Hochster that provides many such examples. There are also
examples of locally F -finite rings of prime characteristic that are not F -finite. See [DI],
which uses a construction of Nagata [Nag59, §5].
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2.3. Pure maps. We will study the notion of a pure map of modules that we introduce next.
Definition 2.3.1. Let R be a ring. A map of R modules ϕ : M → N is pure if for all R-modules
P , the induced map idP ⊗ ϕ : P ⊗R M → P ⊗R N is injective.
Remark 2.3.2.
(1) A pure map of modules is automatically injective (by taking P = R).
(2) Since any R-module P is a filtered colimit of its finitely generated submodules, and since
tensor products commute with filtered colimits, it follows that to check that an R-linear
map ϕ : M → N is pure, it suffices to check that for all finitely generated R-modules P , the
map idP ⊗ ϕ is injective.
(3) Any map of R-modules M → N that admits an R-linear left inverse is pure.
(4) Any faithfully flat ring homomorphism R→ S is pure as a map of R-modules [BouCA, Ch.
I, §3, no 5, Prop. 9].
We will use the following result about pure maps of complete local rings. The “in particular”
statement was communicated to Hochster by Auslander, although it may be older.
Lemma 2.3.3 (cf. [HH90, Cor. 6.24]). Let (R,m, κ) be a Noetherian local ring, and let f : R→M
be a map of R-modules. Then, the following are equivalent:
(i) f is pure.
(ii) There exists an R-linear map g : M → R̂ such that g ◦ f is the canonical map R→ R̂.
In particular, if R is complete local, then every pure map f : R→M splits as a map of R-modules.
Proof. We first prove (ii)⇒ (i). The canonical map R→ R̂ is faithfully flat, hence pure. Therefore,
assuming (ii), the composition g ◦ f is a pure map of R-modules, hence so is f .
We now show show (i)⇒ (ii). Denoting by ER(κ) the injective hull of the residue field κ, we claim
we have the following commutative diagram with exact rows, where the vertical homomorphisms
are isomorphisms:
HomR
(
ER(κ)⊗R M,ER(κ)
)
HomR
(
ER(κ)⊗R R,ER(κ)
)
0
HomR
(
M,HomR
(
ER(κ), ER(κ)
))
HomR
(
R,HomR
(
ER(κ), ER(κ)
))
0
HomR(M, R̂) HomR(R, R̂) 0
(idER(κ)⊗f)
∗
∼ ∼
f∗
f∗
∼ ∼
The top horizontal arrow is the Matlis dual of idER(κ)⊗ f , and is surjective by the purity of f . The
middle row is obtained from the top row by tensor-hom adjunction, and the last row is obtained
using the isomorphism HomR(ER(κ), ER(κ)) ≃ R̂ from [Mat89, Thm. 18.6(iv)]. Since the last
row is exact by the commutativity of the diagram, there exists a map g ∈ HomR(M, R̂) such that
f∗(g) = g ◦ f is the completion homomorphism R→ R̂.
Finally, the “in particular” statement follows since the map g in (ii) is a splitting for f when
R = R̂. 
Remark 2.3.4. Lemma 2.3.3 implies that a pure map R → M from a Noetherian local ring R is
split precisely when among the non-empty set of R̂-linear splittings of the induced map R̂→M⊗RR̂,
there exists a splitting f : M⊗R R̂→ R̂ such that the image of the composition M →M⊗R R̂
f
−→ R̂
lands inside the canonical image of R in R̂.
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2.4. F -singularities. We now recall various notions of F -singularities that will be studied subse-
quently in this paper.
Definition 2.4.1. Let R be a Noetherian ring of prime characteristic p > 0, and R◦ denote the
set of elements of R not in any minimal prime. For every c ∈ R and every integer e > 0, we denote
by λec the composition
R
F e
−→ F eR∗R
F eR∗(−·c)−−−−−→ F eR∗R.
In other words, λec is the unique R-linear map R→ F
e
R∗R that maps 1 to c. If c ∈ R, then following
[DS16, Def. 6.1.1], we say that R is F -pure along c if λec is pure for some e > 0, and that R is
Frobenius split along c if λec splits as an R-module homomorphism for some e > 0. We then say
that
(a) R is split F -regular if R is Frobenius split along every c ∈ R◦ [HH94(a), Def. 5.1];
(b) R is F -pure regular if R is F -pure along every c ∈ R◦ [HH94(a), Rem. 5.3];
(c) R is strongly F -regular if for every R-moduleM and every submodule N of M , N is tightly
closed in M [Has10, Def. 3.3];
(d) R is Frobenius split if R is Frobenius split along 1 ∈ R [MR85, Def. 1]; and
(e) R is F -pure if R is F -pure along 1 ∈ R [HR76, p. 121].
The definition in (c) is due to Hochster. See [HH90, Def. 8.2] for the definition of tight closure for
modules.
Note that (a) is the usual definition of strong F -regularity in the F -finite setting. The terminology
in (a) and (b) is from [DS16, Defs. 6.6.1 and 6.1.1]. F -pure regular rings are called very strongly
F -regular in [Has10, Def. 3.4].
Remark 2.4.2. We have the following implications between the classes of singularities above.
F -split regular F -pure regular
strongly F -regular regular
Frobenius split F -pure
split maps are pure
Definition
[Has10, Lem. 3.8] local[Has10, Lem. 3.6]F -finite
[Has10, Lem. 3.9]
[Has10, Cor. 3.7]
[DS16, Thm. 6.2.1]
split maps are pure
F -finite
[HR76, Cor. 5.3]
For the implication “regular ⇒ strongly F -regular,” the reference [DS16, Thm. 6.2.1] proves that
regular local rings are F -pure regular. This shows that “regular ⇒ strongly F -regular” in general,
since a ring R of prime characteristic is strongly F -regular if and only if every localization at a
prime ideal is F -pure regular [Has10, Lem. 3.6]. We expect that all excellent regular rings are
F -pure regular (see Theorem 3.2.1 and Question 8.1).
2.5. The gamma construction. We give a brief account of the gamma construction of Hochster
and Huneke [HH94(a)].
Construction 2.5.1 [HH94(a), (6.7) and (6.11)]. Let (R,m, κ) be a Noetherian complete local
ring of prime characteristic p > 0. By the Cohen structure theorem, we may identify the residue
field κ with a coefficient field κ ⊆ R, and by Zorn’s lemma, there exists a p-basis Λ for κ, which is
a subset Λ ⊆ κ such that κ = κp(Λ), and such that for every finite subset Σ ⊆ Λ with s elements,
we have [κp(Σ) : κp] = ps. See [Mat89, p. 202].
Now for every cofinite subset Γ ⊆ Λ and for every integer e ≥ 0, we consider the subfield
κΓe = κ
[
λ1/p
e]
λ∈Γ
⊆ κperf
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of a perfect closure κperf of κ. These subfields of κperf form an ascending chain, and we set
RΓ := lim
−→
e
(
κΓe JRK
)
,
where κΓe JRK is the completion of κ
Γ
e ⊗k R at the extended ideal m · (κ
Γ
e ⊗κ R). Finally, if S is an
R-algebra essentially of finite type, we set SΓ := S ⊗R R
Γ.
The gamma construction satisfies the following properties that will be important for us.
Lemma 2.5.2. Fix notation as in Construction 2.5.1.
(i) The rings RΓ and SΓ are Noetherian and F -finite.
(ii) If S is reduced, then there exists a cofinite subset Γ0 ⊆ Λ such that S
Γ is reduced for every
cofinite subset Γ ⊆ Γ0.
Proof. (i) follows from [HH94(a), (6.11)] and the fact that algebras essentially of finite type over
F -finite rings are F -finite. (ii) is [HH94(a), Lem. 6.13(a)]. 
3. F -purity, Frobenius splitting, and variants of strong F -regularity
In [DM(b)], the authors constructed examples of excellent rings of prime characteristic that are
F -pure but not Frobenius split, thereby answering the long-standing open question of whether
excellent F -pure rings are always Frobenius split. The origins of this question can be traced to
Hochster and Roberts’s observation that F -purity and Frobenius splitting coincide for Noetherian
F -finite rings, and to Auslander’s lemma (Lemma 2.3.3) which shows that the same result holds
for complete local rings. Our goal in this section is to show that, despite the examples of [DM(b)],
F -purity and Frobenius splitting coincide for most rings that arise in classical algebraic geometry
(Theorem 3.1.1), even in a non-F -finite setting. In Theorem 3.1.1, we will also prove an analogous
result for the variants of strong F -regularity defined in Definition 2.4.1. This in turn will allow us
to establish that most excellent regular rings arising in arithmetic and geometry are F -pure regular
(Theorem 3.2.1). At the same time, we will show that the constructions considered in [DM(b)]
are always F -pure regular, but not necessarily split F -regular (Theorem 3.3.4), giving the first
examples of excellent regular local rings (even DVRs) where these two notions of singularity do
not coincide. We will then end this section with a characterization of split F -regularity for DVRs
(Proposition 3.4.1).
Our explorations of the various notions of F -singularities in this section and Section 4 will
motivate the discussion of solidity of algebra extensions, which is a topic that we will formally
introduce in Section 5 and study in considerable depth thereafter.
3.1. F -singularities for rings of finite type over complete local rings. We show that for
rings to which the gamma construction applies, the notions of F -purity and Frobenius splitting
coincide, as do the variants of strong F -regularity defined in Definition 2.4.1.
Theorem 3.1.1. Let S be a ring essentially of finite type over a Noetherian complete local ring
(R,m, κ) of prime characteristic p > 0. If S is strongly F -regular (resp. F -pure), then S is split
F -regular (resp. Frobenius split). Consequently, the notions (a), (b), and (c) (resp. (d) and (e)) in
Definition 2.4.1 are equivalent for such S.
This extends [Fed83, Lem. 1.2], which proves the case when S = R, that is, when S is complete
local.
Proof. By the gamma construction 2.5.1 (see also Lemma 2.5.2) and [Mur, Thm. 3.4], there exists a
faithfully flat ring extension R →֒ RΓ such that SΓ := S⊗RR
Γ is strongly F -regular (resp. F -pure)
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and F -finite. By F -finiteness, the ring SΓ is split F -regular by [Has10, Lem. 3.9] (resp. F -split by
[HR76, Cor. 5.3]). Now consider the commutative diagram
R S F eS∗S F
e
S∗S
RΓ SΓ F e
SΓ∗
SΓ F e
SΓ∗
SΓ
F eS F
e
S∗(−·c)
F e
SΓ
F e
SΓ∗
(−·(c⊗1))
for every c ∈ S◦ and every integer e > 0, where the left square is cocartesian by definition of SΓ.
Note that if c ∈ S◦, then c ⊗ 1 ∈ (SΓ)◦, since S → SΓ satisfies Going Down by faithful flatness
[Mat89, Thm. 9.5], and so, minimal primes contract to minimal primes.
Since the inclusion R →֒ RΓ is faithfully flat, it is pure, and hence splits as an R-module
homomorphism by Lemma 2.3.3. By base change, this implies the inclusion S →֒ SΓ splits as an
S-module homomorphism. For both split F -regularity and F -splitting of S, it then suffices to note
that if
F eSΓ∗
(
− · (c⊗ 1)
)
◦ F eSΓ : S
Γ −→ F eSΓ∗S
Γ
splits for some c ∈ S◦ and for some e > 0, then restricting this splitting to F eS∗S and composing
with a splitting of S →֒ SΓ gives a splitting of F eS∗(− · c) ◦F
e
S by the commutativity of the diagram
above. Thus, S is split F -regular if it is strongly F -regular. The proof that S is Frobenius split if
it is F -pure follows by taking c = 1 and e = 1 in the aformentioned argument. 
As a corollary, we answer a question raised by Karl Schwede which inspired this paper.
Corollary 3.1.2. Let k be an arbitrary field of prime characteristic p > 0. Let X be a normal
k-variety and let D be a prime divisor on X. Then, the divisorial valuation ring OX,D is Frobenius
split.
Proof. The local ring OX,D is essentially of finite type over k and is F -pure (since it is regular).
Therefore OX,D is Frobenius split by Theorem 3.1.1. 
Remark 3.1.3. The equivalence of F -purity and Frobenius splitting for a Noetherian ring which
is essentially of finite type over a complete local ring of prime characteristic is in some sense the
best result one can hope for. Indeed, using fundamental constructions from rigid analytic geometry,
the authors have shown recently that this equivalence fails even for excellent Henselian DVRs
[DM(b), Cor. C]. We will have more to say about the constructions from [DM(b)] in Subsection
3.3.
3.2. On F -pure regularity of regular rings. In this subsection, we further explore the connec-
tions between the various variants of strong F -regularity (see Definition 2.4.1), which we showed
are all equivalent for rings essentially of finite type over a complete local ring in Theorem 3.1.1.
Somewhat surprisingly, these connections are not completely understood even for the class of reg-
ular rings. Regular rings are always strongly F -regular (Remark 2.4.2). However, even a regular
local ring may not be split F -regular [DS18, Cor. 4.4], although such a local ring is always F -pure
regular [DS16, Thm. 6.2.1]. The main result of this subsection is that most prime characteristic
regular rings arising in arithmetic and geometric settings are F -pure regular even in the non-local
setting.
Theorem 3.2.1. Let (R,m, κ) be a Noetherian local G-ring of prime characteristic p > 0. If S is
a regular ring that is essentially of finite type over R, then S is F -pure regular.
Proof. By assumption, the canonical map R→ R̂ is a regular homomorphism. Since S is essentially
of finite type over R, the ring R̂⊗R S is also Noetherian and the map
S −→ R̂⊗R S
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is regular1 [EGAIV2, Prop. 6.8.3(iii)] and faithfully flat by base change. Thus, SR̂ := R̂ ⊗R S is
regular because S is regular [Mat89, Thm. 23.7(ii)]. The regular ring SR̂ is strongly F -regular by
Remark 2.4.2, and hence F -pure regular by Theorem 3.1.1. Thus, S is F -pure regular by faithfully
flat descent of F -pure regularity [Has10, Lem. 3.14] (see also [DS16, Prop. 6.1.3(d)]). 
Remark 3.2.2.
(1) Although there exist local G-rings that are not excellent, any regular ring that is essentially
of finite type over a local G-ring is automatically excellent. Indeed, regular rings are Cohen–
Macaulay, and hence universally catenary [Mat80, Thm. 33]. Moreover, since local G-
rings are quasi-excellent (Example 2.2.2(1)) and since quasi-excellence is preserved under
essentially of finite type maps (Example 2.2.2(2)), it follows that a regular ring that is
essentially of finite type over a local G-ring is quasi-excellent and universally catenary,
that is, such a ring is excellent. Thus, a large class of excellent regular rings of prime
characteristic are F -pure regular by Theorem 3.2.1, which suggests that the same statement
holds for all excellent regular rings of prime characteristic (see Question 8.1). At the same
time, one should note that F -pure regularity of regular rings often holds even without the
excellence hypothesis. For example, any regular local ring is always F -pure regular (Remark
2.4.2).
(2) Quasi-excellence of rings essentially of finite type over local G-rings can be used to show
that if S is essentially of finite type over a local G-ring R of prime characteristic p > 0 and is
strongly F -regular, then S is F -pure regular. This generalizes Theorem 3.2.1, and gives an
analogue of a similar result for F -rationality due to Ve´lez [Ve´l95, Thm. 3.8]. The only point
where the proof differs from the proof of Theorem 3.2.1 is that one has to show that the
ring SR̂ is strongly F -regular, and to then use Theorem 3.1.1 to conclude that SR̂ is F -pure
regular. To show strong F -regularity of SR̂, one can use the following lemma essentially due
to Hashimoto which establishes permanence properties of strong F -regularity and F -pure
regularity under regular maps:
Lemma 3.2.2.1 (cf. [Has10, Lem. 3.28]). Let A → B be a regular map of Noetherian rings
of prime characteristic p > 0. Assume that A is F -pure regular (resp. strongly F -regular)
and quasi-excellent, and that B is essentially of finite type over a Noetherian local G-ring
(resp. is a G-ring). Then, B is F -pure regular (resp. strongly F -regular).
One applies Lemma 3.2.2.1 to A = R and B = S in our situation and notation. Note that
Hashimoto states Lemma 3.2.2.1 under the stronger assumption that A is excellent. We
need A to be quasi-excellent since the ring S in the proof of Theorem 3.2.1 is quasi-excellent
(see (1)), but not a priori excellent. Of course, once one proves that SR̂ is strongly F -regular,
it then follows that SR̂ is Cohen–Macaulay by [HH94(a), Thm. 3.4(c)] and [Kaw02, Cor.
1.2], and consequently, so is S by faithfully flat descent. This then implies S is excellent as
in (1).
The proof of Lemma 3.2.2.1 proceeds as in [Has10], with the following changes:
• [Has10, Lem. 3.27] only uses the assumption that R is a G-ring in Hashimoto’s notation.
• In the F -pure regular case, [Has10, Lem. 3.28] does not use the assumption that A is
universally catenary.
• In the strongly F -regular case, [Has10, Lem. 3.28] reduces to the F -pure regular case
by localization. Indeed if B is a G-ring, then as in the proof of [Has10, Lem. 3.28], for
every maximal ideal m of B, if n = A ∩ m, then Bm is a local G-ring, An is strongly
F -regular hence also F -pure regular, and An → Bm is a regular map. Then Bm is
1A flat homomorphism of Noetherian rings with geometrically regular fibers is called a regular map.
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F -pure regular by Lemma 3.2.2.1 for the F -pure regular case, and so, B is strongly
F -regular since strong F -regularity is a local property [Has10, Lem. 3.6].
We expect, though cannot prove, that an arbitrary excellent regular ring of prime characteristic
is F -pure regular (see Question 8.1). However, using flatness of Frobenius for regular rings, we can
give a purely ideal-theoretic criterion for when a regular ring is F -pure regular.
Proposition 3.2.3. Let R be a ring of prime characteristic p > 0. Consider the following state-
ments.
(i) R is F -pure regular.
(ii) For every nonzerodivisor c ∈ R, there exists e ∈ Z>0 such that for all maximal ideals m, we
have c /∈ m[p
e].
(iii) For every countable collection of maximal ideals {me}e∈Z>0, we have
⋂
em
[pe]
e = 0.
We then have the following implications:
(i) (ii) (iii).
R regular R domain
Proof. We first show (i)⇒ (ii). Let c ∈ R be a nonzerodivisor and let e ∈ Z>0 such that the map
λec : R −→ F
e
R∗R
mapping 1 to c is pure. In particular, for every maximal ideal m of R, the map
(R/m)⊗R λ
e
c : R/m −→ F
e
R∗(R/m
[pe])
is injective. But this latter map sends 1 +m to c+m[p
e], and so, c /∈ m[p
e].
We next show (ii) ⇒ (i) when R is regular. Suppose there exists e ∈ Z>0 satisfying (ii). We
will show that the map
λec : R −→ F
e
R∗R
mapping 1 to c is pure. We first show that for every proper ideal I ⊆ R, the map
(R/I)⊗R λ
e
c : R/I −→ F
e
R∗(R/I
[pe])
r + I 7−→ rp
e
c+ I [p
e]
is injective. We have
rp
e
c+ I [p
e] = 0 =⇒ rp
e
c ∈ I [p
e] =⇒ c ∈ (I [p
e] : rp
e
) = (I : r)[p
e],
where the last equality follows by flatness of the Frobenius map on R since R is regular [Kun69, Thm.
2.1]. Since c /∈ m[p
e] for any maximal ideal m of R, it follows that (I : r) is not contained in any
maximal ideal of R. Thus, (I : r) = R, which shows r ∈ I. Consequently, (R/I) ⊗R λ
e
c is injective,
proving the claim.
The injectivity of (R/I) ⊗R λ
e
c for every proper ideal I ⊆ R implies that λ
e
c is pure by [Hoc77]
(see Remark 3.2.4) using the notion of approximately Gorenstein rings, but we give a direct proof
as follows. To show that λec is a pure map of R-modules, it suffices to show that for every finitely
generated R-module M , the map
µM : M −→M ⊗R F
e
R∗R
m 7−→ m⊗ c
is injective. Recall that every finitely generated module over a Noetherian ring has a finite filtration
M =Mn ) Mn−1 ) · · · ) M1 ) M0 = 0
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by cyclic modules. We now proceed by induction on the length n of this filtration. If n = 1, then
M is a nonzero cyclic module and µM is injective by the claim. Otherwise, consider the short exact
sequence
0 −→Mn−1 −→M −→
M
Mn−1
−→ 0.
Here, M/Mn−1 is cyclic, and Mn−1 is a module with a filtration of length n− 1. By the flatness of
F eR∗R [Kun69, Thm. 2.1], we get a commutative diagram of short exact sequences
0 Mn−1 M M/Mn−1 0
0 Mn−1 ⊗R F
e
R∗R M ⊗R F
e
R∗R (M/Mn−1)⊗R F
e
R∗R 0
µMn−1 µM µM/Mn−1
The map µMn−1 is injective by the induction hypothesis, and the map µM/Mn−1 is injective by our
claim since M/Mn−1 is cyclic. Then µM must also be injective.
Finally, the negation of (ii) implies the existence of a collection of maximal ideals {me}e∈Z>0
such that
⋂
em
[pe]
e 6= 0, and hence (iii)⇒ (ii). The converse (ii)⇒ (iii) holds when R is a domain,
since a nonzerodivisor on R is precisely a nonzero element of R. 
Remark 3.2.4. One can also use Hochster’s notion of approximately Gorenstein rings [Hoc77] to
give another proof of (ii)⇒ (i). Indeed, since R is regular it is Gorenstein and hence approximately
Gorenstein (see [Hoc77, Def. 1.3 and Cor. 2.2(b)]). Thus, the purity of (R/I)⊗Rλ
e
c for every proper
ideal I ⊆ R implies that λec is pure by [Hoc77, Thm. 2.6(iv)]. However, our argument is simpler.
Corollary 3.2.5. Let R be a regular ring of prime characteristic p > 0. Then R is F -pure regular
if R is semi-local or R is a domain such that every nonzero element is contained in only finitely
many maximal ideals (for example, a Dedekind domain).
Proof. Suppose R is semi-local. Let m1,m2, . . . ,mn be the maximal ideals of R. If c ∈ R is a
nonzerodivisor, then c is a nonzerodivisor in each Rmi . By Krull’s intersection theorem for local
rings, there exists e ≫ 0 such that c /∈ m
[pe]
i Rmi . Then c /∈ m
e
i for each i, so R is F -pure regular
by Proposition 3.2.3(ii). Similarly, if R is a domain where every nonzero element is contained in
only finitely many maximal ideals, R satisfies Proposition 3.2.3(ii) by an application of Krull’s
intersection theorem for domains. 
Example 3.2.6. As an application of Corollary 3.2.5, Nagata’s example of an infinite-dimensional
Noetherian regular domain [Nag75, App. A1, Ex. 1] is F -pure regular, since every nonzero element
of this ring is only contained in finitely many maximal ideals by construction.
3.3. Excellent F -pure regular rings are not always split F -regular. Let R be a Noetherian
ring of prime characteristic p > 0. While the notions of F -pure regularity and split F -regularity
coincide if R is F -finite by [HR76, Cor. 5.2] or if R is essentially of finite type over a complete local
ring by Theorem 3.1.1, the two notions are not equivalent in general, even when R is a regular local
ring. The first such examples were obtained in [DS16, Ex. 4.5.1], where the first author and Smith
constructed DVRs in the function field of P2Fp that are not Frobenius split. However, the rings in
[DS16, Ex. 4.5.1] are not excellent, and a general expectation since Hochster and Huneke’s work on
tight closure [HH90; HH94(a)] is that the various notions of F -singularities are well-behaved only
in the setting of excellent rings. The goal of this subsection is to use the constructions of [DM(b)]
to give examples of excellent regular (local) rings for which F -pure regularity and split F -regularity
do not coincide. These are the first examples which illustrate that the two notions do not coincide
for excellent rings.
Before we can state our main result, we need to introduce the rigid analytic analogue of a
polynomial ring over a field and its local variant.
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Definition 3.3.1. Let (k, | · |) be a complete non-Archimedean field. For every positive integer
n > 0, the Tate algebra in n indeterminates over k is the k-subalgebra
Tn(k) := k{X1,X2, . . . ,Xn} :=
{ ∑
ν∈Zn
≥0
aνX
ν :
aν ∈ k and |aν | → 0
as ν1 + ν2 + · · ·+ νn →∞
}
of the formal power series kJX1,X2, . . . ,XnK in n indeterminates over k. Similarly, for every positive
integer n > 0, the convergent power series ring in n indeterminates over k is the k-subalgebra
Kn(k) := k〈X1,X2, . . . ,Xn〉 :=
 ∑
ν∈Zn
≥0
aνX
ν :
aν ∈ k and there exists
r1, r2, . . . , rn,M ∈ R>0 such that
|aν | r
ν1
1 r
ν2
2 · · · r
νn
n ≤M for all ν ∈ Z
n
≥0

of kJX1,X2, . . . ,XnK.
For the notion of a non-Archimedean field, which we will not define in this paper, we refer the
reader to [Bos14, §2.1]. The main properties of Tate algebras and convergent power series rings of
relevance to this paper are summarized in the following result.
Proposition 3.3.2. Let (k, | · |) be a complete non-Archimedean field. Then for any integer n > 0,
we have the following:
(i) Tn(k) and Kn(k) are Noetherian and regular of dimension n.
(ii) Tn(k) and Kn(k) are excellent.
(iii) Kn(k) is local and Henselian.
Indication of proof. For precise references for all these properties and additional ones, we refer the
reader to [DM(b), Thms. 2.7 and 4.3]. 
We also prove the following preliminary result.
Lemma 3.3.3. Let (k, | · |) be a complete non-Archimedean field of characteristic p > 0 such that
[k1/p : k] <∞. Then, Tn(k) and Kn(k) are F -finite for every integer n > 0.
Although the statement for Tn(k) is contained in the proof of [GV74, Thm. 12], we give an elemen-
tary proof.
Proof. Fix a basis {a1, a2, . . . , am} of Fk∗k over k. Since k is complete, and Fk∗k is an algebraic
extension of k via the Frobenius map Fk, there exists a unique extension of the norm | · | on k to
a norm on Fk∗k [Bos14, App. A, Thm. 3]. Denoting the norm on Fk∗ also by | · |, uniqueness and
[Bos14, App. A, Thm. 1] then gives us that for x = x1a1 + x2a2 + · · ·+ xmam ∈ Fk∗k,
|x| = max
1≤i≤m
{
|xi|
}
. (3.3.3.1)
Now consider the formal power series ring A := kJX1,X2, . . . ,XnK. Since k is F -finite, FA∗A is a
free A-module with basis given by
B :=
{
aiX
β1
1 X
β2
2 · · ·X
βn
n : 1 ≤ i ≤ m, 0 ≤ βj ≤ p− 1
}
.
We next claim that B is also a basis of FTn∗Tn over Tn. Indeed, let f =
∑
ν∈Zn
≥0
bνX
ν be an
element of FTn∗Tn. Expressing f , considered as an element of A, in terms of the basis B, to get the
coefficient of aiX
β1
1 X
β2
2 · · ·X
βn
n , we first collect all the terms in the expansion of f for which the
power of Xi is congruent to βi modulo p, for all 1 ≤ i ≤ n. This gives us a power series of the form∑
ν∈Zn
≥0
bpν+βX
pν+β,
where β := (β1, β2, . . . , βn). Note that we still have |bpν+β| → 0 as ν1+ν2+· · ·+νn →∞. Expressing
each bpν+β in terms of the basis {a1, a2, . . . , am} of Fk∗k over k, we find that the coefficients bi,pν+β
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of ai also satisfy |bi,pν+β| → 0 as ν1 + ν2 + · · · + νn →∞ by (3.3.3.1). Therefore, the coefficient of
aiX
β1
1 X
β2
2 · · ·X
βn
n in the expansion of f with respect to the basis B, which is precisely∑
ν∈Zn
≥0
bi,pν+βX
pν+β, (3.3.3.2)
is also an element of Tn by the discussion above. This implies that B is also a free Tn-basis of
FTn∗Tn, and so, Tn is F -finite.
Finally, we show that B is also a free basis of FKn∗Kn over Kn. To see this, note that for
f =
∑
ν∈Zn
≥0
bνX
ν ∈ FKn∗Kn
considered as an element of F∗(kJX1,X2, . . . ,XnK), the coefficient of aiX
β1
1 X
β2
2 · · ·X
βn
n is again
given by (3.3.3.2), where bi,pν+β is the coefficient of ai when bpν+β is expressed in terms of
the basis {a1, a2, . . . , am} of Fk∗k over k. Now choose r1, r2, . . . , rn,M ∈ R>0 such that for all
|bν | r
ν1
1 r
ν2
2 · · · r
νn
n ≤M for all ν ∈ Z
n
≥0. Then
|bi,pν+β| r
pν1+β1
1 r
pν2+β2
2 · · · r
pνn+βn
n ≤ |bpν+β| r
pν1+β1
1 r
pν2+β2
2 · · · r
pνn+βn
n ≤M
for all ν ∈ Zn≥0, where the first inequality again follows by (3.3.3.1). Thus, the same choice of
r1, r2, . . . , rn,M shows that
∑
ν∈Zn
≥0
bi,pν+βX
pν+β is also an element of Kn. Thus B is also a free
Kn-basis of FKn∗Kn. 
With these preliminaries, we can now state and prove the main result of this subsection.
Theorem 3.3.4. Let (k, | · |) be a complete non-Archimedean field of characteristic p > 0. Then
we have the following:
(i) For every integer n > 0, Tn(k) and Kn(k) are F -pure regular.
(ii) There exists a complete non-Archimedean field (k, | · |) of characteristic p > 0 such that for
every integer n > 0, Tn(k) and Kn(k) are not Frobenius split, and consequently, not split
F -regular.
Proof. We first prove (i). Note that since Kn(k) is local by Proposition 3.3.2, it is F -pure regular by
Corollary 3.2.5. To show F -pure regularity of Tn(k), we first assume that k satisfies [k
1/p : k] <∞,
that is, k is F -finite. Since Tn(k) is F -finite by Lemma 3.3.3 and is regular by Proposition 3.3.2, it
follows that Tn is split F -regular, and hence F -pure regular, when k is F -finite.
Now suppose (k, | · |) is an arbitrary complete non-Archimedean field of characteristic p > 0. Let
ℓ be the completion of the algebraic closure of k, where the completion is taken with respect to the
metric induced by the unique norm on the algebraic closure of k that extends the norm on k. Then
by Krasner’s lemma [Bos14, App. A, Lem. 6], ℓ is an algebraically closed non-Archimedean field,
hence in particular, F -finite. Therefore Tn(ℓ) is F -pure regular by the previous paragraph. Since
the canonical inclusion
Tn(k) −֒→ Tn(ℓ)
is faithfully flat by [Ber93, Lem. 2.1.2] and [Bos14, App. B, Prop. 5], and since F -pure regularity
descends under faithfully flat maps [Has10, Lem. 3.14] (see also [DS16, Prop. 6.1.3(d)]), it follows
that Tn(k) is F -pure regular. This completes the proof of (i).
(ii) follows from [DM(b), Thm. A] and [DM(b), Rem. 5.5] by working over a complete non-
Archimedean field (k, | · |) of characteristic p > 0 such that k admits no nonzero continuous linear
functionals k1/p → k. An explicit example of such a field is constructed based on ideas of Gabber
in [DM(b), Thm. 5.2]. 
As a consequence, we obtain examples of excellent Henselian F -pure regular local rings that are
not split F -regular.
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Corollary 3.3.5. There exists an excellent Henselian DVR of prime characteristic p > 0 that is
not split F -regular.
Proof. Choose a non-Archimedean field (k, | · |) as in Theorem 3.3.4(ii). Then the convergent power
series ring K1(k) is an excellent Henselian discrete valuation ring by Proposition 3.3.2 that is not
even Frobenius split by Theorem 3.3.4(ii), hence also not split F -regular. 
Remark 3.3.6. As far as we are aware, it is not known if Hochster’s notion of strong F -regularity
defined via tight closure (Definition 2.4.1(c)) coincides with F -pure regularity for excellent Noe-
therian rings (see Question 8.1). Note that if a counterexample exists, then it necessarily has to be
non-local by [Has10, Lem. 3.8] (see also [DS16, Prop. 6.3.2]). We expect the two notions to not be
equivalent in general even for regular rings, because we expect there to exist regular rings that do
not satisfy the ideal-theoretic characterization of F -pure regularity given in Proposition 3.2.3. Note
that any regular ring is always strongly F -regular by [Has10, Lem. 3.6] because strong F -regularity
is a local property and regularity localizes.
In Lemma 3.3.3, we showed that if (k, | · |) is an F -finite non-Archimedean field, then Tn(k) is
F -finite, and hence, split F -regular for each integer n > 0. However, using some non-Archimedean
functional analysis, one can also show that Tate algebras are often split F -regular, even if k is not
F -finite. To do so, we will use the following:
Lemma 3.3.7. Let (k, | · |) be a complete non-Archimedean field of characteristic p > 0. Let kperf
be a perfect closure of k and let ℓ be the completion of kperf with respect to the unique norm on kperf
that extends the norm on k. Then, ℓ is perfect.
Proof. Let a ∈ ℓ be a nonzero element, and choose a sequence (bn)n of elements in kperf such that
bn → a as n → ∞. Such a sequence exists because kperf is dense in ℓ. Since kperf is perfect, the
sequence (b
1/p
n )n also consists of elements in kperf . Moreover, (b
1/p
n )n is a Cauchy sequence because
(bn)n is Cauchy. Let a
′ = limn→∞ b
1/p
n be the limit of (b
1/p
n )n in ℓ. Then (a
′)p is the limit of (bn)n,
and so, (a′)p = a because sequences have unique limits in a metric space. Thus, any element of ℓ
has a p-th root in ℓ, that is, ℓ is perfect. 
We now show that Tate algebras are often split F -regular.
Proposition 3.3.8. Let (k, | · |) be a complete non-Archimedean field of characteristic p > 0. Let
kperf be a perfect closure of k and let ℓ be the completion of kperf with respect to the unique norm
on kperf that extends the norm on k. Then for every n > 0, Tn(k) and Kn(k) are split F -regular in
the following cases:
(i) (k, | · |) is spherically complete.
(ii) k1/p has a dense k-subspace V which has a countable k-basis.
(iii) |k×| is not discrete, and the norm on kperf is polar with respect to the norm on k.
For the definitions of spherically complete non-Archimedean fields and polar norms, we refer the
reader to [DM(b), Def. 2.13] and [DM(b), Def. 2.12] respectively.
Proof. We first claim that if (ii) holds, then ℓ has a dense k-subspace which is countably generated
over k. Since kperf is dense in ℓ, to prove the claim it suffices to show that kperf has a dense
k-subspace which is countably generated over k. Let S be a countable generating set for the dense
k-subspace V of k1/p. We will inductively show that for all e > 0, k1/p
e
has a dense k-subspace
that is countably generated over k. The case e = 1 holds by the assumption of (ii). For e > 1, by
the inductive hypothesis, let Te−1 be a countable subset of k
1/pe−1 that generates a dense k-linear
subspace. Define
S1/p
e−1
:=
{
xp/p
e
: x ∈ S
}
⊆ k1/p
e
.
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Then note that the k1/p
e−1
-linear subspace Ve−1 of k
1/pe generated by S1/p
e−1
is dense in k1/p
e
because the k-linear space V generated by S is dense in k1/p. Now consider the countable set
Se :=
{
xy ∈ k1/p
e
: x ∈ Te−1, y ∈ S
1/pe−1
}
.
To prove the induction statement, it suffices to show that the k-linear subspace k · {Se} of k
1/pe
generated by Se is dense in k
1/pe . For any z ∈ k1/p
e
and any real number ǫ > 0, let Bǫ(z) ⊆ k
1/pe
be the ball of radius ǫ centered at z. Since Ve−1 is dense in k
1/pe , there exists y ∈ Ve−1 ∩ Bǫ(z).
Choose y1, y2, . . . , yn ∈ S
1/pe−1 and a1, a2, . . . , an ∈ k
1/pe−1 such that
y = a1y1 + a2y2 + · · ·+ anyn.
We may assume each yi 6= 0. Since k · {Te−1} is dense in k
1/pe−1 , for all 1 ≤ i ≤ n, choose
xi ∈ k · {Te−1} such that |ai − xi| < ǫ/|yi|. Then x1y1 + x2y2 + · · · + xnyn ∈ k · {Se}, and
|z − x1y1 + x2y2 + · · ·+ xnyn|
≤ max
{
|z − y|, |y − x1y1 + x2y2 + · · ·+ xnyn|
}
= max
{
|z − y|, |(a1 − x1)y1 + (a2 − x2)y2 + · · ·+ (an − xn)yn|
}
≤ max
{
|z − y|, |(a1 − x1)y1|, |(a2 − x2)y2|, . . . , |(a1 − x1)y1|
}
≤ ǫ.
Here the first and penultimate inequalities follow by the non-Archimedean triangle inequality. Thus,
x1y1 + x2y2 + . . . + xnyn ∈ Bǫ(z), and since z and ǫ were chosen arbitrarily, this implies k〈Se〉 is
dense in k1/p
e
, as desired. Finally, because kperf =
⋃
e>0 k
1/pe , it follows that kperf has a dense
k-subspace that is countably generated over k by [PGS10, Thm. 4.2.13(iv)], proving the claim.
We can now show that Tn(k) and Kn(k) are split F -regular. The ring Tn(ℓ) is split F -regular
by Lemma 3.3.3 because ℓ is F -finite by Lemma 3.3.7. Therefore, it suffices to show that for k
satisfying any of the three conditions of this Proposition, the inclusion Tn(k) →֒ Tn(ℓ) splits. This
is because a direct summand of a split F -regular ring is split F -regular. However, if k satisfies any
of the conditions (i), (ii), or (iii), then variants of the Hahn-Banach theorem for normed spaces
over R and C also hold for normed spaces over k; see for example [DM(b), Thm. 2.15]. When k
satisfies (ii), in order to apply [DM(b), Thm. 2.15] one needs the observation made in the above
claim that ℓ has a countably generated dense k-subspace. When k satisfies (iii), then in order to
apply [DM(b), Thm. 2.15] one needs that the norm on ℓ is polar with respect to the norm on k.
But this follows by the hypothesis of (iii) and [PGS10, Thm. 4.4.16(ii)] because the norm on kperf
is polar and kperf is a dense k-subspace of ℓ. The upshot is that the identity map idk : k → k lifts
to a continuous k-linear functional
φ : ℓ −→ k
when k satisfies (i), (ii), or (iii). By continuity, φ maps sequences in ℓ whose norms converge to 0
to sequences in k whose norms converge to 0 [DM(b), Lem. 2.11]. Therefore, the induced map
φ˜ : Tn(ℓ) −→ Tn(k)∑
ν∈Zn
≥0
aνX
ν 7−→
∑
ν∈Zn
≥0
φ(aν)X
ν
is a Tn(k)-linear splitting of Tn(k) →֒ Tn(ℓ), as desired.
Similarly, Kn(ℓ) is split F -regular because ℓ is F -finite by Lemma 3.3.3. Now, for φ : ℓ → k as
above, we get an induced map
φ′ : Kn(ℓ) −→ Kn(k)∑
ν∈Zn
≥0
aνX
ν 7−→
∑
ν∈Zn
≥0
φ(aν)X
ν .
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The reason why φ(aν)X
ν is an element Kn(k) is because by continuity of φ, there exists a real
number B > 0 such that for all a ∈ ℓ, |φ(a)| ≤ B |a| [DM(b), Lem. 2.11]. Hence if r1, . . . , rn,M ∈
R>0 are such that |aν | r
ν1
1 . . . r
νn
n ≤M for all ν = (ν1, . . . , νn) ∈ Z≥0, then |φ(aν)| r
ν1
1 . . . r
νn
n ≤ BM
for all ν ∈ Zn≥0, which shows that
∑
ν φ(aν)X
ν ∈ Kn(k) by Definition 3.3.1. Thus, Kn(k) is a direct
summand of the split F -regular ring Kn(ℓ), and consequently, also split F -regular. 
Remark 3.3.9. Let (k, | · |) be a complete non-Archimedean field of characteristic p > 0. In
[DM(b), Thms. 3.1 and 4.4], the authors show that a necessary and sufficient condition for Tn(k)
and Kn(k) to be Frobenius split is for there to exist a nonzero continuous k-linear functional
k1/p → k. However, we do not know if the existence of such a functional is also sufficient for split
F -regularity of Tn(k) and Kn(k). As far as we can ascertain, it is not clear if the existence of a
nonzero continuous functional k1/p → k implies the existence of a nonzero continuous functional
ℓ→ k, where ℓ = k̂perf , as in the proof of Proposition 3.3.8. The main obstruction seems to be that
if (M, | · |) is a field equipped with a non-Archimedean valuation that is not complete, then there
may not be any nonzero continuous functionals M̂ → M . Indeed, this fails even when the value
group |M×| ≃ Z. For such discrete valuations, if M◦ is the corresponding DVR, then M̂ is the
fraction field of theM◦◦-adic completion M̂◦ ofM◦. HereM◦◦ is the principal maximal ideal ofM◦.
However, we show in Theorem 6.1.3 that there are no nonzero M◦-linear maps M̂◦ → M◦. This
implies that are no nonzero continuous M -linear maps M̂ →M . Indeed, assume for contradiction
that φ : M̂ →M is a nonzero continuous M -linear map. We may assume without loss of generality
that φ(1) 6= 0. By [DM(b), Lem. 2.11], choose B ∈ R>0 such that for all x ∈ M̂ , we have
|φ(x)| ≤ B|x|. Since the value group of M is nontrivial, choose a ∈ M× such that B < |a|. Then,
the composition
M̂
−·a
−−→ M̂
φ
−→M
is a nonzero continuous M -linear map (because M̂
−·a
−−→ M̂ is an isomorphism), which induces a
M◦-linear map of the corresponding valuation rings M̂◦ →M◦ since for all x ∈ M̂◦,
|φ(xa−1)| = |a−1| · |φ(x)| ≤ |a−1| ·B|x| < |x| ≤ 1.
Note that the induced map M̂◦ →M◦ is nonzero because φ(1) 6= 0. But this contradicts Theorem
6.1.3, as observed above. This remark motivates the interesting question of whether Frobenius
splitting of a regular ring is sufficient to imply split F -regularity (see Question 8.3), which to the
best of our knowledge is not known. However, in the next subsection we show that all Frobenius
split DVRs are split F -regular (Proposition 3.4.1).
3.4. Split F -regularity of discrete valuation rings. We have seen that even DVRs of prime
characteristic exhibit varied behvaior from the point of view of F -singularities despite being the
simplest examples of regular local rings. In particular, while DVRs of prime characteristic are
always F-pure regular, they are not always split F -regular, or even Frobenius split. Our goal in this
subsection will be to show that Frobenius splitting, or more generally, the existence of a nonzero
p−1-linear map is the only obstruction to a DVR of characteristic p being split F -regular. This
removes generic F -finiteness assumptions from a result of the first author and Smith [DS16, Cor.
6.6.3].
Proposition 3.4.1. Let (R,m, κ) be a DVR of prime characteristic p > 0. Then, the following are
equivalent:
(i) R has nonzero p−1-linear map.
(ii) R is Frobenius split.
(iii) R is split F -regular.
Proof. For the proof of (i) ⇒ (ii) we will use that fact that R is a principal ideal domain (PID).
Let ϕ : FR∗R → R be a nonzero R-linear map. Since R is a PID, im(ϕ) = aR, for some nonzero
20 RANKEYA DATTA AND TAKUMI MURAYAMA
a ∈ R. Restricting the codomain of ϕ to im(ϕ) = aR, and then using the fact that aR ≃ R as
R-modules gives us an R-linear surjection
ϕ˜ : FR∗R−→ R.
Choose x ∈ FR∗R such that ϕ˜(x) = 1. Then the composition
FR∗R
FR∗(−·x)
−−−−−−→ FR∗R
ϕ˜
−→ R
is a Frobenius splitting of R. We have (iii) ⇒ (i) because any split F -regular ring is Frobenius
split, and a Frobenius splitting is a nonzero p−1-linear map.
It remains to show (ii)⇒ (iii). Let π be a generator of the maximal ideal m. It suffices to show
that for any integer n ≥ 0, the ring R is Frobenius split along πn. Indeed, any x ∈ R is of the form
x = uπn for some unit u ∈ R× and n ≥ 0. If R is Frobenius split along πn, then choose e > 0 and
a map ϕ : F eR∗R→ R such that ϕ(π
n) = 1. Then the composition
F eR∗
F eR∗(−·u
−1)
−−−−−−−→ F eR∗R
ϕ
−→ R
maps x 7→ 1. Now to show that R is Frobenius split along πn, choose e≫ 0 such that pe − n > n,
and let ϕe : F
e
R∗R → R be a splitting of F
e
R : R → F
e
R∗R (such a splitting exists for any e > 0
because R is Frobenius split). Then consider the composition
φ : F eR∗R
F eR∗(−·π
pe−n)
−−−−−−−−−→ F eR∗R
ϕe
−→ R.
We have φ(πn) = ϕe(π
pe) = πϕe(1) = π. Thus, im(φ), which is an ideal of R, is either πR or
R. If im(φ) = πR, then restricting the codomain of φ to πR and composing with the canonical
isomorphism πR ≃ R (that sends π to 1) shows that R is Frobenius split along πn. On the other
hand, if im(φ) = R, this means that ϕe(π
pe−nR) = R. Choose b ∈ R such that ϕe(bπ
pe−n) = 1.
Since pe − n > n by our choice of e, we see that πn divides bπp
e−n. Thus, let bπp
e−n = aπn, for
some a ∈ R. The composition
F eR∗R
F eR∗(−·a)−−−−−−→ F eR∗R
ϕe
−→ R
maps πn 7→ ϕe(aπ
n) = ϕe(bπ
pe−n) = 1, which again shows that R is Frobenius split along πn. This
completes the proof of (ii)⇒ (iii). 
Remark 3.4.2. If R is generically F -finite, then [DS16, Cor. 6.6.3] shows that the equivalent
conditions of Proposition 3.4.1 are further equivalent to R being excellent. Since there are excellent
Henselian DVRs that are not split F -regular, we cannot hope to get rid of the generic F -finiteness
assumption from [DS16, Cor. 6.6.3] to show that all excellent DVRs are split F -regular. However,
we will show in Theorem 7.4.1 that any split F -regular DVR will be excellent, without any generic
restrictions on such a ring.
4. F -purity vs. Frobenius splitting: a contrast in permanence properties
In this section we continue exploring the closely related notions of F -purity and Frobenius split-
ting from the perspective of permanence properties. Even though these two notions of singularity
coincide for most rings arising in algebro-geometric applications by Theorem 3.1.1, we will now il-
lustrate some ways in which they differ. The general slogan is that F -purity is a more stable notion
of singularity than Frobenius splitting. As evidence of the better stability properties of F -purity,
we will show in this section that while F -purity descends under faithfully flat maps and ascends
under regular maps, the same does not hold for Frobenius splitting in general.
Recall that given a field k, a Noetherian k-algebra R is geometrically regular over k if, for every
finite field extension L/k, the ring L⊗k R is regular. A map of rings R → S is regular if it is flat
and has geometrically regular fibers. Implicit in this definition is the assertion that all the fibers of
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R → S are Noetherian even if R and S are not. A map is (essentially) smooth if it is regular and
(essentially) of finite type.
Most notions of singularities such as reduced, normal, Cohen–Macaulay, Gorenstein ascend under
regular maps, that is, if R satisfies a certain notion of singularity then so does S for a regular map
R → S. We will use a characterization of regular maps in prime characteristic due to Radu and
Andre´ to show that while Frobenius splitting ascends under essentially smooth maps, it does not
ascend under regular maps in general. However, F -purity always ascends under regular maps,
providing evidence for the assertion that F -purity is a better behaved notion of singularity.
4.1. Relative Frobenius and the Radu–Andre´ theorem. The result of Radu and Andre´ that
we will employ is a relative version of Kunz’s celebrated theorem which characterizes regularity of
a Noetherian ring in terms of flatness of the (absolute) Frobenius map [Kun69, Thm. 2.1]. To state
Radu and Andre´’s result we need to introduce the relative Frobenius map [SGA5, Exp. XV, Def. 3],
which is also known as the Radu–Andre´ homomorphism in the commutative algebraic literature.
Definition 4.1.1. Let ϕ : R → S be a homomorphism of rings of prime characteristic p > 0. For
every integer e > 0, consider the cocartesian diagram
R F eR∗R
S S ⊗R F
e
R∗R
F eS∗S
F eR
ϕ F eR∗ϕϕ⊗RF
e
R∗R
idS⊗RF
e
R
F eS
F e
S/R
in the category of rings. The e-th Radu–Andre´ ring is the ring S ⊗R F
e
R∗R, and the e-th relative
Frobenius homomorphism associated to ϕ is the ring homomorphism
F eS/R : S ⊗R F
e
R∗R F
e
S∗S
s⊗ r sp
e
ϕ(r)
If e = 1, we denote F 1S/R by FS/R. We also sometimes denote F
e
S/R by F
e
ϕ.
Radu and Andre´’s result is the following:
Theorem 4.1.2 [Rad92, Thm. 4; And93, Thm. 1]. A homomorphism ϕ : R → S of Noetherian
rings of prime characteristic p > 0 is regular if and only if FS/R is faithfully flat.
One then recovers [Kun69, Thm. 2.1] upon applying Theorem 4.1.2 to the homomorphism Fp →
R, for a Noetherian ring R of prime characteristic p > 0.
4.2. Ascent under regular maps and faithfully flat descent. Theorem 4.1.2 has the following
consequence for Frobenius splitting and F -purity:
Proposition 4.2.1. Let ϕ : R → S be a regular map of Noetherian rings of prime characteristic
p > 0. We have the following:
(i) If R is F -pure, then S is F -pure.
(ii) If ϕ is essentially smooth and R is Frobenius split, then S is Frobenius split.
(iii) Suppose R and S are arbitrary rings (not necessarily Noetherian). If FS/R is an isomor-
phism and R is Frobenius split, then S is Frobenius split.
(iv) If S is a filtered colimit of e´tale R-algebras and R is Frobenius split, then S is Frobenius
split. Thus, the (strict) Henselization of a Frobenius split local ring is Frobenius split.
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(v) There exists a regular map ϕ such that R and S are excellent local, R is Frobenius split, but
S is not Frobenius split.
Proof. Since ϕ is a regular map, FS/R is faithfully flat by Theorem 4.1.2. It is well-known that
faithfully flat maps are pure [BouCA, Ch. I, §3, no 5, Prop. 9], and so, FS/R is a pure map. With
this preliminary observation, we can now begin the proof of the Proposition.
(i) Since purity is preserved under base change, F -purity of R implies that the map ϕ⊗R FR∗R
is pure. Consequently, the composition
FS = FS/R ◦ (ϕ⊗R FR)
is also pure, that is, S is F -pure. See also [Has10, Prop. 2.4.4].
(ii) If ϕ is essentially of finite type, then FS/R is a finite map. Indeed, it is well-known that
the relative Frobenius of a finite type map is always finite. Now, if S is a localization of a finite
type R-algebra B, then it is straightforward to check that FS/R is a localization of the finite map
FB/R, and consequently also finite. Thus, if ϕ is essentially smooth, then FS/R is a finite map of
Noetherian rings which is also pure. It follows by [HR76, Cor. 5.2] that FS/R splits. Moreover,
since R is Frobenius split, the map idS ⊗R FR splits by base change. Therefore the composition
FS = FS/R ◦ (idS ⊗R FR) also splits, that is, S is Frobenius split.
(iii) If the relative Frobenius is an isomorphism, then
R S
FR∗R FS∗S
FR FS
is a pushout square and the assertion follows.
(iv) If R→ A is an e´tale map of rings of characteristic p > 0, then the relative Frobenius FR/A
is always an isomorphism [SGA5, Exp. XV, Prop. 1(c)]. Thus, if S is a filtered colimit of e´tale R-
algebras, then FS/R is a filtered colimit of relative Frobenii that are all isomorphisms. Consequently,
FS/R is also an isomorphism. Then, Frobenius splitting is preserved under filtered colimits of e´tale
maps by what we just proved. Frobenius splitting is preserved by (strict) Henselizations because
the (strict) Henselization of a local ring is a filtered colimit of e´tale maps.
(v) Choose a non-Archimedean field (k, | · |) of prime characteristic p > 0 such that the con-
vergent power series ring K1(k) is not Frobenius split; see [DM(b), Rem. 5.5]. Then K1(k) is an
excellent Henselian DVR (Proposition 3.3.2), the unique ring homomorphism Fp → K1(k) is regular
[EGAIV2, Prop. 6.7.7], and Fp is Frobenius split while K1(k) is not. 
Remark 4.2.2.
(1) For Proposition 4.2.1(v), one can construct examples of R and S even in the function field
of P2
Fp
if one relaxes the requirement for S to be excellent. Indeed, there exist discrete
valuation rings in the function field of P2
Fp
that are not excellent [DS18, Cor. 4.4], and
consequently also not Frobenius split [DS18, Thm. 4.1]. Take such a discrete valuation ring
S. Then the map Fp → S is regular, and Fp is Frobenius split, but S itself is not.
(2) Proposition 4.2.1(i) holds more generally for any ring homomorphism ϕ : R → S of Noe-
therian rings for which the relative Frobenius FS/R is a pure map [Has10, Prop. 2.4.4]. Such
ring homomorphisms are called F -pure homomorphisms by Hashimoto [Has10, (2.3)] and
should be thought of as a relative version of the notion of F -purity of a ring [Has10, Prop.
2.4.3].
(3) The key assumption of Proposition 4.2.1(iii) is that the relative Frobenius of R → S is
an isomorphism. Such maps are usually called relatively perfect in the literature, because
they are a relative version of perfect rings. Relative perfection plays an important role
in the proofs of various invariance properties in the theory of F -singularities under e´tale
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base change. Thus, it is natural to wonder how close the notion of relative perfection is
to that of being e´tale. If R → S is relatively perfect, then R[Sp] = S, which immediately
implies ΩS/R = 0 (since d(s
p) = pd(s) = 0). That is, a relatively perfect map is formally
unramified. Moreover, the set {1} is a p-basis of S over R in the sense of [EGAIV1, Ch. 0,
De´f. 21.1.9]. Then injectivity of FS/R implies that R→ S is formally smooth by [EGAIV1,
Ch. 0, Thm. 21.2.7]. In other words, a relatively perfect map is formally e´tale. In fact,
a flat relatively perfect map R → S satisfies the stronger property that the cotangent
complex LS/R is acyclic [Bha19, Prop. 3.12] (formally e´tale is equivalent to acyclicity of the
cotangent complex in degrees 0 and −1; see [Stacks, Tags 0D11, 08RB, 06E5]). Nevertheless,
a relatively perfect map need not be the filtered colimit of e´tale maps. For example, FS/R
is always an isomorphism if R and S are perfect. However, if S is not a flat R-algebra, then
S cannot be a filtered colimit of e´tale (hence flat) R-algebras. Failure of flatness is not the
only obstruction that prevents a relatively perfect map from being a filtered colimit of e´tale
maps.2 Indeed, if R → S is an injective map of domains that is a filtered colimit of e´tale
maps, then the induced map on fraction fields has to be algebraic. Thus, Fp →֒ Fp[T ]perf
is a flat relatively perfect map that cannot be a filtered colimit of e´tale maps.
(4) Relative perfection also shows that if S is a filtered colimit of e´tale R-algebras and R is
F -finite, then S is also F -finite. Thus, (strict) Henselizations of F -finite rings are F -finite.
Finally, while it is well-known that F -purity descends under faithfully flat maps, we show that
Frobenius splitting does not.
Proposition 4.2.3. Let ϕ : R → S be a faithfully flat map of rings of prime characteristic p > 0.
If S is F -pure, then so is R. However, Frobenius splitting does not descend under faithfully flat
maps even when R and S are both excellent, Henselian and regular.
Proof. The proof of the first statement is in [HR76, Prop. 5.13], but we reprove it here for conve-
nience. Note that ϕ is pure since it is faithfully flat (Remark 2.3.2(4)). Therefore the composition
FS ◦ ϕ is pure as a map of R-modules if S is F -pure. However,
FS ◦ ϕ = ϕ ◦ FR,
and so, FR is pure, that is, R is F -pure. This shows that F -purity satisfies faithfully flat descent.
For the second statement, choose a non-Archimedean field (k, | · |) such that the convergent power
series ring K1(k) is not Frobenius split as in [DM(b), Rem. 5.5]. Take R := K1(k), and consider
the completion S := R̂ = kJXK of R with respect to the maximal ideal (X). Then, the canonical
completion map R → S is regular (since K1(k) is excellent) and faithfully flat, and R is not
Frobenius split even though S is. Thus, Frobenius splitting does not satisfy faithfully flat descent
even for faithfully flat maps between excellent Henselian regular rings of prime characteristic. 
Remark 4.2.4. While the Henselization of a Frobenius split local ring (R,m) of prime characteristic
is always Frobenius split, as far as we are aware the converse is not known except in special cases.
For one such special case, suppose R is a generically F -finite Noetherian normal local domain such
that Rh is Frobenius split. Then Rh is also a Noetherian normal local domain [Mat89, Cor. to Thm.
23.9]. Let K be the fraction field of R and Kh be the fraction field of Rh. Since the field extension
K ⊆ Kh is separable algebraic, the map K → Kh is relatively perfect. The diagram
K Kh
FK∗K FKh∗K
h
FK FKh
2We thank Alapan Mukhopadhyay for this observation.
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is therefore cocartesian, and hence Kh is F -finite by base change (see also [Has15, Lem. 2(7)]).
Now, because Rh is Frobenius split and generically F -finite, it follows that Rh is also F -finite by
[DS18, Thm. 3.2]. This implies that R is also F -finite. Indeed, since R → Rh is relatively perfect,
it follows by faithfully flat descent of module finiteness that if FRh∗R
h = FR∗R ⊗R R
h is a finite
Rh-module, then FR∗R is a finite R-module (see also [Has15, Cor. 22]). Thus, R is F -finite and
also F -pure by Proposition 4.2.3. But an F -finite and F -pure ring is Frobenius split by [HR76, Cor.
5.2].
If (R,m) is a non-Henselian DVR such that Rh is Frobenius split, then the only obstruction to
Frobenius splitting of R is for the latter to possess a nonzero p−1-linear map by Theorem 3.4.1.
Note that if HomR(R
h, R) is nontrivial, then there would exist a nonzero R-linear map φ : Rh → R
such that φ(1) 6= 0. The composition
FR∗R −֒→ FRh∗R
h F -splitting−−−−−−→ Rh
φ
−→ R
would consequently give a nonzero p−1-linear map of R, allowing us to conclude that R is Frobenius
split. However, we will show soon that HomR(R
h, R) is trivial for any non-Henselian Noetherian
local domain R for which Rh is a domain (Theorem 6.1.1). Therefore, the question of whether
Frobenius splitting descends over Henselizations seems nontrivial even for DVRs.
5. F -solidity and non-F -finite excellent rings
An underlying theme of the previous sections was an exploration of when nonzero p−e-linear
maps exist for excellent rings of prime characteristic. The existence of a nonzero p−e-linear map is
a special instance of a more general phenomenon studied by Hochster in [Hoc94], with the goal of
formulating a characteristic independent closure operation that satisfies properties similar to tight
closure. Hochster called this notion a solid module, and our goal in this section, and the rest of the
paper, is to revisit his notion of solidity from the point of view of the excellence condition. However,
our focus is not solid closure, for which we refer the reader to [Hoc94].
5.1. Solid modules and algebras. We first define solid modules and algebras.
Definition 5.1.1 [Hoc94, Def. 1.1]. Let R be a ring. An R-module M is solid if there exists a
nonzero R-linear map from M → R. An R-algebra S is solid if it is solid as an R-module.
Remark 5.1.2.
(1) If R is a ring of prime characteristic, then FR∗R is a solid R-algebra precisely when R
admits a nonzero p−1-linear map.
(2) A simple, but surprisingly useful, observation is that an R-algebra S is solid if and only if
there exists an R-linear map ϕ : S → R such that ϕ(1) 6= 0. Indeed, the existence of such a
map implies R-solidity of S by definition. Conversely, if S is a solid R-algebra, then choose
any R-linear map φ : S → R such that φ(s) 6= 0, for some s ∈ S. Then the composition
S
−·s
−−→ S
φ
−→ R (5.1.2.1)
is a map that sends 1 to φ(s) 6= 0. Moreover, the same argument shows that the ideal∑
φ im(φ) of R, as φ ranges over all elements of HomR(S,R), is the same as the ideal of
IS/R := {φ(1) : φ ∈ HomR(S,R)}. Indeed, the fact that IS/R is an ideal follows from
the observation that IS/R is the image of the R-linear map HomR(S,R) → R given by
evaluation at 1. Furthermore, the equality
∑
φ im(φ) = IS/R follows because {φ(s) : φ ∈
HomR(S,R), s ∈ S} is a generating set for
∑
φ im(φ), and each φ(s) can be rewritten as the
image of 1 under the R-linear map S → R from (5.1.2.1).
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(3) If T is a solid R-algebra and the map R→ T factors through an R-algebra S, then S is also
a solid R-algebra. Indeed, choose an R-linear map ϕ : T → R such that ϕ(1) 6= 0. Then,
the composition S → T
ϕ
→ R is a nonzero R-linear map.
Example 5.1.3. Suppose R →֒ S is a finite extension of rings (not necessarily Noetherian) such
that R is reduced and has finitely many minimal primes. Then, S is a solid R-algebra. Indeed, if
K is the total ring of fractions of R and L := K ⊗R S, then one can choose a splitting L→ K and
restrict it to S, giving a nonzero R-linear map S → K. Note such a splitting exists because K is
a finite direct product of fields by [Stacks, Tag 02LX] and the fact that the nonzerodivisors of a
reduced ring are precisely the elements contained in minimal primes. Since S is finitely generated
as an R-module, the image of S → K is contained in the R-submodule of K generated by 1/f , for
some nonzerodivisor f ∈ R. Then, the composition
S −→ K
−·f
−−→ K
is an R-linear map that sends 1 to f 6= 0, and whose image lands inside R. Thus, S is a solid
R-algebra.
It is natural to ask how the notion of solidity behaves under compositions. While we do not
know the answer to this question in general, the following special case will be useful in the sequel.
Lemma 5.1.4. Let R→ S be an extension of domains such that Frac(S) is an algebraic extension
of Frac(R). If S is a solid R-algebra and T is a solid S-algebra, then T is a solid R-algebra.
Proof. Since T is S-solid, choose an S-linear map ϕ : T → S such that b := ϕ(1) 6= 0. By our
hypothesis on the extension R→ S, it follows by [DS18, Prop. 3.7] that the canonical map
S −→ HomR
(
HomR(S,R), R
)
is injective. Since b is a nonzero element of S, this means that we can find some φ ∈ HomR(S,R)
such that φ(b) 6= 0. Then the composition
T
ϕ
−→ S
φ
−→ R
is a nonzero R-linear map because φ ◦ϕ(1) = φ(b) 6= 0. In other words, T is a solid R-algebra. 
Remark 5.1.5. Analyzing the proof of [DS18, Prop. 3.7], one can show that the injectivity of the
canonical map S → HomR(HomR(S,R), R) holds as long as S is R-solid and the extension R→ S
has the property that for any nonzero ideal J of S, the contraction J ∩ R is also a nonzero ideal
of R. Thus, solidity is preserved under composition as long as R → S is an extension of domains
that satisfies this ideal contraction property.
5.2. F -solidity. We now define and study a special case of a solid algebra in prime characteristic,
which we call F -solidity.
Definition 5.2.1. Let R be a ring of prime characteristic p > 0. We say R is F -solid if FR∗R is a
solid R-algebra.
In other words, R is F -solid precisely when it admits a nonzero p−1-linear map. We make a few
preliminary observations about F -solidity.
Remark 5.2.2. Let R be a ring of prime characteristic p > 0.
(1) If R is Frobenius split, then R is F -solid. This does not need R to be Noetherian.
(2) If R is a reduced F -finite Noetherian ring, then R is F -solid. Indeed, let K be the
total quotient ring of R. Then, K is a finite direct product of F -finite fields. Thus,
HomK(FK∗K,K) 6= 0. But since FR∗R is a finitely presented R-module and K is a flat
R-module, we have
HomK(FK∗K,K) = HomR(FR∗R,R)⊗R K.
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This implies that HomR(FR∗R,R) 6= 0, or equivalently, that R is F -solid.
(3) If R is a domain, then R is F -solid if and only if for all (equivalently, for some) e > 0, F eR∗R
is a solid R-module. This is well-known, but we provide a brief justification. Note that
since F eR∗R is always an FR∗R-algebra for any e > 0, R-solidity of F
e
R∗R implies R-solidity
of FR∗R by Remark 5.1.2(3). Conversely, suppose FR∗R is R-solid and let φ : FR∗R→ R be
a map such that c := φ(1) 6= 0. Assume by induction that there exists a nonzero R-linear
map ϕ : F eR∗R→ R such that ϕ(1) 6= 0. Then, the composition
F e+1R∗ R
F eR∗φ−−−→ F eR∗R
ϕ
−→ R
maps c(p
e−1)p to cϕ(1) 6= 0, showing that F e+1R∗ R is R-solid and completing the proof by
induction. Note that we use R is a domain in the step where we conclude cϕ(1) 6= 0 from
the fact that both c and ϕ(1) are nonzero.
(4) Suppose R→ S is a finite extension of Noetherian domains. Then, R is F -solid if and only
if S is F -solid. For the forward implication, since R is Noetherian, by [Hoc94, Cor. 2.3]
it suffices to show that FS∗S is a solid R-algebra. We will show that F
e
S∗S is R-solid for
any e > 0. Consider the composition R → F eR∗R → F
e
S∗S, where the first map is the e-th
iterate of the Frobenius on R and the second map is just restriction of scalars of the finite
extension R→ S. Since F eS∗S is a finite F
e
R∗R-algebra, we know that F
e
S∗S is a solid F
e
R∗R-
algebra by Example 5.1.3. Moreover, R→ F eR∗R is generically integral and F
e
R∗R is a solid
R-algebra by (3) since R is F -solid. Therefore by Lemma 5.1.4 we conclude that F eS∗S is a
solid R-algebra, proving the forward implication. Conversely, suppose S is F -solid. Since
R→ S is a finite extension, S is R-solid by Example 5.1.3. Then FS∗S is a solid R-algebra
by Lemma 5.1.4. Since
R −→ S
FS−→ FS∗S
factors through FR∗R, it follows that FR∗R is a solid R-algebra (Remark 5.1.2(3)), that is,
R is F -solid.
(5) Let R be a Noetherian domain. Since polynomial algebras or power series rings over fields
are F -solid (they are even Frobenius split), it follows by part (3) of this Remark that R is
F -solid either when R is of finite type over a field (via Noether normalization), or when R
is a complete local domain (by Cohen’s structure theorem). If R is finite type extension
of an F -solid domain A, then similar reasoning shows that there exists a nonzero element
a ∈ A such that Ra is F -solid by [Stacks, Tag 07NA]. Here, we use the fact that F -solidity
of A is preserved under localization, and also that a polynomial ring over an F -solid ring is
F -solid. However, it is unclear whether a ring R essentially of finite type over a complete
local domain is F -solid using this line of reasoning. We will show that such rings are indeed
F -solid via the gamma construction 2.5.1 (see Theorem 5.3.1 below).
(6) If R is an F -solid domain, then any localization of R is also F -solid. This is a simple
application of the fact that for a multiplicative set S ⊆ R, we have S−1R ⊗R FR∗R ≃
FS−1R∗S
−1R. However, F -solidity is not a local property, in the sense that if R is a ring of
prime characteristic whose local rings are all F -solid, it is not necessarily the case that R
is F -solid. This follows from the failure of F -finiteness being a local property (see Example
2.2.2(4)). Indeed, choose a Noetherian domain R of prime characteristic p > 0 such that Rp
is F -finite for all prime ideals p, but R itself is not as in [DI]. Then the fraction field of R
is F -finite, and so, if R was F -solid, then [DS18, Thm. 3.2] would imply that R is F -finite,
a contradiction.
5.3. F -solidity for rings of finite type over complete local rings. In Remark 5.2.2(5) we
observed that rings to which one can apply a Noether normalization type result (such as finite type
algebras over fields or complete local rings) are often F -solid in prime characteristic. However, this
normalization technique does not yield F -solidity for algebras that are essentially of finite type over
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a complete local ring, which, as we saw in Section 3, often behave like Noetherian F -finite rings.
Drawing inspiration from the F -solidity of reduced F -finite Noetherian rings, the main result of
this section shows that F -solidity often holds even in a non-F -finite setting.
Theorem 5.3.1. Let S be a reduced ring which is essentially of finite type over a complete local
ring R of prime characteristic p > 0. Then, S is F -solid.
The proof of this result proceeds by reducing to the F -finite case via an argument similar to the
one in Theorem 3.1.1, and by using a descent result on F -solidity which we establish first.
Lemma 5.3.2. Let ϕ : R→ S be an injective homomorphism of rings of prime characteristic p > 0,
and suppose S is a solid R-algebra.
(i) If R and S are domains, ϕ is injective, and the induced map Frac(R)→ Frac(S) is algebraic,
then R is F -solid.
(ii) If ϕ is purely inseparable, S is reduced, and there exists an R-linear map g : S → R such
that g(1) is a nonzerodivisor, then R is F -solid.
Proof. Throughout this proof, let φ : FS∗S → S be an S-linear map such that
φ(1) =: c 6= 0.
(i) Since Frac(R) →֒ Frac(S) is algebraic, clearing denominators from an equation of algebraic
dependence of c over Frac(R), it follows that there exists a nonzero s ∈ S such that sc ∈ R. Let
ℓs : S → S denote left multiplication by s. Then ℓs ◦ φ maps 1 to sc ∈ R r {0}. Since S is a solid
R-algebra, choose an R-linear map f : S → R such that f(1) 6= 0. Then the composition
FR∗R
F∗ϕ
−−→ FS∗S
ℓs◦φ
−−−→ S
f
−→ R
maps 1 to scf(1), and the latter is a nonzero element of R because the elements sc and f(1) are
nonzero, and R is a domain. This shows R is F -solid.
(ii) We may assume without loss of generality that ϕ is an inclusion. Since ϕ is purely inseparable,
choose e > 0 such that cp
e
∈ R. Note that cp
e
6= 0 because S is reduced and c is a nonzero element
by choice. Let ℓcpe−1 denote left multiplication by c
pe−1. The composition
FR∗R −֒→ FS∗S
ℓ
cp
e−1◦φ
−−−−−→ S
g
−→ R
maps 1 to cp
e
g(1), which is a nonzero element of R because g(1) is a nonzerodivisor on R by
hypothesis. This completes the proof. 
We can now prove Theorem 5.3.1.
Proof of Theorem 5.3.1. Suppose S is essentially of finite type over the complete Noetherian lo-
cal ring (R,m). Again, using the gamma construction 2.5.1, there exists a faithfully flat purely
inseparable ring extension R →֒ RΓ such that SΓ := S ⊗R R
Γ is F -finite and reduced (Lemma
2.5.2(ii)). In particular, SΓ is then F -solid by Remark 5.2.2(2). Since R is complete, the pure
extension R →֒ RΓ splits (Lemma 2.3.3), hence so does the purely inseparable extension S →֒ SΓ.
By F -solidity of SΓ and an application of Lemma 5.3.2(ii), it follows that S is also F -solid. 
Remark 5.3.3. In order to establish F -solidity of domains that are essentially of finite type over
any field of prime characteristic, one can avoid the gamma construction approach of Theorem 5.3.1.
Namely, suppose k is a field of characteristic p > 0 and that R is a domain that is essentially of finite
type over k. Let T be a finite type k-algebra and S ⊂ T a multiplicative set such that R = S−1T .
Note that T can be chosen to be a domain. Indeed, let P be a prime ideal of T disjoint from S
such that S−1P = (0) (such a P exists because R is a domain). Since P is finitely generated, there
exists some f ∈ S such that PTf = (0). Upon replacing T by Tf , we can assume T is a domain.
Then T is F -solid by Remark 5.2.2(5), and consequently, R is F -solid by Remark 5.2.2(6). This
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argument provides an alternate proof of Frobenius splitting of divisorial valuation rings (Corollary
3.1.2). Namely, if R is a divisorial valuation ring, then R is essentially of finite type over a field
and hence F -solid. Then R is Frobenius split by Proposition 3.4.1.
5.4. Excellent rings are not always F -solid. A natural question is whether Theorem 5.3.1 can
be generalized to reduced excellent rings, or at least, to reduced excellent rings that are of finite
type over an an excellent local ring. This turns out to be false, as shown in the next result. These
are the first excellent examples of prime characteristic domains that are not F -solid.
Proposition 5.4.1. There exists a complete non-Archimedean field (k, | · |) of characteristic p > 0
such that for each integer n > 0, we have the following:
(i) The Tate algebra Tn(k) is an excellent regular ring of Krull dimension n that is not F -solid.
(ii) Any k-affinoid domain of Krull dimension n is not F -solid.
(iii) The convergent power series ring Kn(k) is an excellent Henselian regular local ring of Krull
dimension n that is not F -solid.
Here by a k-affinoid domain we mean an integral domain that is the quotient of some Tate
algebra. These are the rigid analytic analogues of coordinate rings of affine varieties.
Proof. (i) follows from [DM(b), Thm. A] and (iii) follows from [DM(b), Rem. 5.5] (see also [DM(b),
Thm. 4.4]).
For (ii), choose a complete non-Archimedean field (k, | · |) for which (i) holds, and suppose that
A is an k-affinoid domain of Krull dimension n > 0. Then by the rigid analytic analogue of Noether
normalization [Bos14, Cor. 2.2/11], there exists a module-finite ring extension Tn(k) →֒ A. Since
Tn(k) is not F -solid by (i), it follows that A is not F -solid by Remark 5.2.2(4). 
Remark 5.4.2.
(1) Examples of non-F -solid regular local rings can be constructed even in the function field of
P2
Fp
. But any such ring will not be excellent; see [DS18, §4.1].
(2) Let k be as in Proposition 5.4.1. Then the completion of the local ring K1(k) at its maximal
ideal (X) is the power series ring kJXK, which is F -solid. This illustrates that F -solidity
does not descend over faithfully flat maps. The same example also shows that F -solidity
does not ascend over regular maps, since Fp → K1(k) is regular, Fp is F -solid and K1(k)
is not.
Despite the examples obtained in Proposition 5.4.1, affinoid domains of prime characteristic are
often F -solid.
Proposition 5.4.3. Let (k, | · |) be a complete non-Archimedean field that satisfies any of the
following additional properties:
(i) (k, | · |) is spherically complete.
(ii) k1/p has a dense k-subspace V which has a countable k-basis, hence in particular if [k1/p :
k] <∞.
(iii) |k×| is not discrete, and the norm on k1/p is polar with respect to the norm on k.
Then any k-affinoid domain is F -solid.
Proof. Let A be a k-affinoid domain. If A has Krull dimension zero, then A = k and there is nothing
to prove since any field of prime characteristic is F -solid. If A has Krull dimension n > 0, then A
is a module-finite extension of Tn(k) as in the proof of Proposition 5.4.1(ii). When k satisfies any
of the conditions of this Proposition, then Tn(k) is Frobenius split by [DM(b), Cor. D], hence also
F -solid. Then A is F -solid by Remark 5.2.2(4). 
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Remark 5.4.4. The observant reader will notice that the hypothesis of Proposition 5.4.3(iii) is
weaker than the hypothesis of Proposition 3.3.8(iii). This is because to show F -solidity of k-
affinoid domains one only needs Tate algebras to be F -solid, which is a weaker requirement than
split F -regularity.
6. Some obstructions to solidity
In the previous section, we showed that a reduced ring R which is essentially of finite type over a
complete local Noetherian ring of prime characteristic p > 0 is F -solid (Theorem 5.3.1). The proof
proceeds by constructing an F -finite solid Noetherian R-algebra RΓ, and then using non-trivial
p−e-linear maps on RΓ and its solidity as an R-algebra to produce non-trivial p−e-linear maps on R.
At the same time, we also exhibited examples of excellent Henselian regular local rings that are not
F -solid (Proposition 5.4.1). The goal of this section is to highlight some obstructions to F -solidity
of excellent local rings which will more systematically explain why the gamma construction has
little hope of producing examples of F -solid excellent rings beyond those that are essentially of
finite type over a complete local ring.
6.1. Henselizations and completions are not solid. Suppose S is a reduced ring which is
essentially of finite type over an excellent local ring (R,m) of prime characteristic p > 0 that is not
necessarily complete. It is natural to wonder if nonzero p−e-linear maps on the change of base ring
SR̂ := R̂⊗R S can help produce nonzero p
−e-linear maps on R. As we now demonstrate, the main
difficulty with this approach is that SR̂ is rarely a solid S-algebra. Thus, descent type arguments
in the spirit of Lemma 5.3.2, crucial in the proof of Theorem 5.3.1, will almost never work.
The following simple observation will be useful: if R → S → T are ring maps such that T is
a solid R-algebra, then S is also a solid R-algebra (Remark 5.1.2(3)). Said differently, if S is not
a solid R-algebra, then T is not a solid R-algebra. We will use this observation to show that the
completion of a local ring is rarely solid. In fact, we first prove the following stronger result for
Noetherian local rings that are not Henselian.
Theorem 6.1.1. Let (R,m) be a Noetherian local ring of arbitrary characteristic such that the
Henselization Rh is a domain (for example, if R is normal). Assume R is not Henselian. Then,
we have the following:
(i) If ϕ : R→ S is an essentially e´tale extension of domains, then S is a solid R-algebra if and
only if ϕ is finite e´tale.
(ii) The Henselization Rh is not a solid R-algebra.
(iii) If (R,m) → (S, n) is a local ring homomorphism such that S is Henselian (for example, if
S = Rsh or S = R̂), then S is not solid R-algebra.
The main ingredient in the proof of Theorem 6.1.1 is the following observation of Smith and the
first author:
Proposition 6.1.2 [DS18, Prop. 3.7]. Let ϕ : R→ S be an injective homomorphism of Noetherian
domains which is generically finite. If S is a solid R-algebra, then ϕ is a finite map.
Proof of Theorem 6.1.1. (iii) follows from (ii) by Remark 5.1.2(3), since the local map R → S
factors through Rh by the universal property of Henselization.
For (ii), choose an essentially e´tale local homomorphism φ : (R,m)→ (S, n) such that the induced
map on residue fields is an isomorphism and φ is not an isomorphism. Note that such an S exists
because R is not Henselian. We claim that S is not a finite R-algebra. Indeed, otherwise S is a
free R-module of finite rank because φ is flat and R is Noetherian local. The free rank of S must
then equal 1 because κ(n) = S ⊗R κ(m) and the extension κ(m) →֒ κ(n) is trivial. But this means
φ is an isomorphism, contrary to its choice. Thus S is not a finite R-algebra. Since Rh is also the
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Henselization of S, it follows that S is also a domain. Then S is not a solid R-algebra by (i), and
so, Rh also cannot be a solid R-algebra. This proves (ii).
Thus, it remains to show (i). If ϕ : R → S is an essentially e´tale extension of domains, then
the generic fiber is a finite separable extension of fields. If S is a solid R-algebra, then S must be
module-finite over R by Proposition 6.1.2. Conversely, if S is a finite R-algebra, then S is R-solid
by Example 5.1.3 regardless of whether ϕ is e´tale. 
If (R,m) is a Henselian Noetherian local domain that is not complete, then Theorem 6.1.1 gives
no information on whether R̂ is a solid R-algebra. The goal in the remainder of this subsection is to
give a more direct proof of the following result which, as a special case, implies that the completion
of a Noetherian local domain, Henselian or not, is never solid.
Theorem 6.1.3. Let R be a Noetherian ring (not necessarily local) and let I be a nonzero ideal
of R such that R is I-adically separated. Denote by R̂I the I-adic completion of R. Consider an
element ϕ ∈ HomR(R̂
I , R). Then, we have the following:
(i) ϕ 6= 0 if and only if ϕ(1) 6= 0.
(ii) If R is not I-adically complete and ϕ 6= 0, then ϕ(1) is a zerodivisor on R.
(iii) If R is not I-adically complete, the canonical map i : R→ R̂I never splits.
(iv) If R is a domain that is not I-adically complete, then R̂I is not a solid R-algebra.
For the proof of Theorem 6.1.3, we first make a few preliminary observations about I-adic
completions. Recall that for an ideal I of a ring R, we say that an R-module M is I-adically
separated if
⋂
n∈N I
nM = (0). Said differently, a module M is I-adically separated if the I-adic
topology on M is Hausdorff.
Lemma 6.1.4. Let I be an ideal of a Noetherian ring R. The canonical map
i : R −→ R̂I
satisfies the following properties:
(i) For all integers n > 0, we have R̂I = i(R) + InR̂I .
(ii) The map i is flat, and i is faithfully flat if and only if I is contained in the Jacobson radical
of R.
(iii) The map i : R → R̂ is finite if and only if i is surjective. In particular, if R is I-adically
separated but not I-adically complete, then i is not a finite map.
(iv) If M is an I-adically separated R-module, then the map
i∗ : HomR(R̂
I ,M) −→ HomR(R,M)
induced by pre-composition with i is injective.
(v) For every ϕ ∈ HomR(R̂
I , R), we have ϕ(1)R̂I ⊆ i(R).
Proof of Lemma 6.1.4. (i) follows from the isomorphisms R/In ≃ R̂I/InR̂I for all integers n > 0.
For a proof of (ii) see [Mat89, Thms. 8.8 and 8.14].
(iii) If i is surjective, then it is a finite map. Conversely, assume i is finite. Tensoring the exact
sequence
R
i
−→ R̂I −→ coker(i) −→ 0
by R/I, we get an exact sequence
R/I −→ R̂I/IR̂I −→ coker(i)/I coker(i) −→ 0.
As the induced map R/I → R̂I/IR̂I is an isomorphism, it follows that
coker(i) = I coker(i).
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Since i is finite, coker(i) is a finitely generated R-module, and consequently, coker(i) is annihilated
by an element of the form 1 + a for some a ∈ I by Nakayama’s lemma [Mat89, Thm. 2.2]. This
means that the ideal of R̂I generated by 1 + a is contained in i(R). However, 1 + a is a unit in R̂I
by [BouCA, Ch. III, §2, no 13, Lem. 3]. Therefore
R̂I = (1 + a)R̂I ⊆ i(R) ⊆ R̂I ,
which implies that the map i : R → R̂I is surjective. For the second assertion of (iii), if A is I-
adically separated, then i is injective. If i is also finite, then i is surjective by what we just proved,
which would imply i is an isomorphism. But this is impossible because A is not I-adically complete
by hypothesis.
(iv) Let ϕ : R̂I →M be an R-linear map such that ϕ ◦ i = 0. It suffices to show that ϕ = 0. Let
x ∈ R̂. By (i), for every integer n > 0, there exists an ∈ R and xn ∈ I
nR̂I such that
x = i(an) + xn.
Then,
ϕ(x) = ϕ
(
i(an)
)
+ ϕ(xn) = ϕ(xn),
and ϕ(xn) ∈ I
nM by R-linearity. This shows that
ϕ(x) ∈
⋂
n∈Z>0
InM = (0),
where the last equality follows because M is I-adically separated. Thus, ϕ = 0.
(v) Consider the R-linear map
i ◦ ϕ : R̂I −→ R̂I ,
and let a := ϕ(1) ∈ R. We also have the R-linear map ℓa : R̂
I → R̂I given by left multiplication by
a. Now for any x ∈ R, we have
ℓa
(
i(x)
)
= ai(x) = i(ax) = i
(
ϕ(1)x
)
= i ◦ ϕ
(
i(x)
)
,
that is,
i∗(ℓa) = i
∗(i ◦ ϕ),
where i∗ : HomR(R̂
I , R̂I)→ HomR(R, R̂
I) is the map induced by pre-composition with i. Since R̂I
is an I-adically separated R-module, it follows from (iv) that i∗ is injective. Thus ℓa = i ◦ ϕ, and
so,
ϕ(1)R̂I = ℓa(R̂
I) = i ◦ ϕ(R̂I) ⊆ i(R). 
Remark 6.1.5.
(1) If I is an idempotent ideal of a Noetherian ring R, then R̂I = R/I and the completion map
R → R̂I is just the quotient map. In particular, the completion map is finite. Hence the
second assertion of Lemma 6.1.4(iii) fails if R is not I-adically separated.
(2) The proofs of parts (i), (iii), (iv), and (v) of Lemma 6.1.4 work even when R is not Noe-
therian as long as I is a finitely generated ideal of R. We need I to be finitely generated
in order for the isomorphisms R/In ≃ R̂I/InR̂I to hold (see [Stacks, Tag 05GG] for a nice
proof of this due to Poonen).
We now prove Theorem 6.1.3 as follows.
Proof of Theorem 6.1.3. (i) follows by Lemma 6.1.4(iv) applied to M = R because the pullback
map
i∗ : HomR(R̂
I , R) −→ HomR(R,R)
is injective. Note that here we need R to be I-adically separated, and the latter follows by the
hypotheses of the Theorem.
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For (ii), if ϕ 6= 0, then by (i), we have ϕ(1) 6= 0. Assume that ϕ(1) is a nonzerodivisor on R.
Then, by flatness of i : R→ R̂I (Lemma 6.1.4(ii)), we see that ϕ(1) is also a nonzerodivisor on R̂I .
In particular,
ϕ(1)R̂I ≃ R̂I .
At the same time, Lemma 6.1.4(v) shows that
ϕ(1)R̂I ⊆ i(R),
and so ϕ(1)R̂I is a finitely generated R-module since it is a submodule of the finitely generated
R-module i(R) and R is Noetherian. Thus, R̂I is a finitely generated R-module, which is impossible
by Lemma 6.1.4(iii) and the hypotheses of (ii).
(iii) follows from (ii) because a splitting of R → R̂I maps 1 to 1, and 1 is a nonzerodivisor.
Similarly, (iv) also follows from (ii). Indeed, if R is a domain and R̂I is R-solid, then there exists
an R-linear map φ : R̂I → R such that φ(1) 6= 0 (Remark 5.1.2). But this is impossible because (ii)
implies φ(1) must be a zerodivisor and a domain has no nonzero zerodivisors. 
Remark 6.1.6. Let R be a product of two rings R1 × R2 and let I be the idempotent ideal
generated by (1, 0). Then, R̂I = R2 and the associated map R→ R̂
I is just projection onto R2. In
this case R̂I is a solid R-algebra because one has the R-linear inclusion R̂I = R2 → R that sends
a to (0, a). Thus, Theorem 6.1.3(iv) fails for arbitrary Noetherian rings R.
6.2. Non-solidity of some big Cohen–Macaulay algebras. Apart from providing obstructions
to F -solidity of rings essentially of finite type over an excellent local ring, the results of the previous
subsection have implications for the non-solidity of certain algebra extensions that are at the heart
of the recent solution of Hochster’s direct summand conjecture in mixed characteritic [And18].
Throughout this subsection, (R,m) will denote a Noetherian local ring of dimension d. Recall
that an R-algebra B is a big Cohen–Macaulay R-algebra if there exists a system of parameters
x1, x2, . . . , xd ∈ m which form a regular sequence on B. The adjective “big” is meant to indicate
that the R-algebra B need not be finite over R (in practice, B is not even Noetherian). We will
call a big Cohen–Macaulay R-algebra a BCM R-algebra for brevity. We say B is a balanced BCM
R-algebra if every system of parameters of R is a regular sequence on B.
The existence of (balanced) BCM R-algebras has far-reaching consequences for the homological
conjectures [HH95] and has been recently used by Ma and Schwede to develop a singularity theory
in mixed characteristic that draws inspiration from various notions of singularities in equal char-
acteristic [MS] (see also [MSTWW]). Hochster and Huneke constructed BCM R-algebras when R
has equal characteristic using their characterization of the absolute integral closure R+ as a BCM
R-algebra for an excellent local domain R of prime characteristic p > 0 [HH93]. BCM R-algebras
were constructed by Andre´ in mixed characteristic in the same paper where he settled the direct
summand conjecture [And18], following which Shimomoto showed that one can even construct a
BCM R-algebra that is simultaneously an R+-algebra [Shi18]. Andre´ later showed that a (more
useful) weakly functorial version of BCM R-algebras also exists in mixed characteristic [And20]
(see also [HM18]).
One of the pleasing properties of BCM R-algebras is that they are often R-solid, a well-known
fact summarized in the following result.
Proposition 6.2.1. Let (R,m, κ) be a complete local domain of dimension d of arbitrary charac-
teristic. Then, every BCM R-algebra is R-solid.
Indication of proof. Let B be a BCM R-algebra. Since there exists a system of parameters of R
that is a regular sequence on B, we see that Hdm(B) 6= 0. It now follows that B is a solid R-algebra
using [Hoc94, Cor. 2.4], where the argument proceeds by reducing to the case where R is regular
via the analogue of Noether normalization for complete local rings and then using Matlis duality
in a way similar to how it is used in Lemma 2.3.3. 
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Remark 6.2.2.
(1) Proposition 6.2.1 provides a different perspective on F -solidity of a complete local domain
(R,m) in prime characteristic. Since R is excellent, [HH93, Thm. 5.15] shows that R+ is a
big Cohen–Macaulay R-algebra. Thus, R+ is a solid R-algebra by Proposition 6.2.1, and
since R → R+ factors via FR∗R, we see that FR∗R is also a solid R-algebra by Remark
5.1.2.
(2) Now that we know the direct summand theorem, one can give a simple proof of the fact that
R+ is always a solid R-algebra for a complete local Noetherian domain (R,m), even when R+
is not known to be BCM (for example, in equal characteristic 0 and mixed characteristic).
Note that we do not even need that there exist BCM R-algebras that contain R+. Using
Cohen’s theorem, choose a module finite extension A →֒ R where A is a power series ring
over a field or a mixed characteristic complete DVR. Then one can check that A+ = R+. The
map A→ A+ is pure because A is splinter (here we use the direct summand theorem), and
so, A→ A+ splits by Lemma 2.3.3 because A is complete. In other words, the composition
A →֒ R → R+ = A+ is A-solid. Then R+ is R-solid by [Hoc94, Cor. 2.3] because A →֒ R
is a finite extension of Noetherian domains.
We now show that we lose solidity of BCM R-algebras if we drop the hypothesis that R is
complete. There exist excellent regular rings that behave like polynomial or power series rings over
fields for which R+ is not R-solid. In fact, examples exist even for a class of excellent local rings
that are closest in behavior to complete local rings, namely those that are Henselian. As far as we
are aware, these examples are the first of their kind.
Proposition 6.2.3. Let R be a Noetherian ring. We have the following:
(i) For each integer n > 0, there exist excellent regular rings R of prime characteristic p > 0
and Krull dimension n for which R+ is not a solid R-algebra. Moreover, R can be chosen
to be local and Henselian.
(ii) Let (R,m, κ) be a Noetherian local domain of arbitrary characteristic that is not m-adically
complete. For any BCM R-algebra B, the m-adic completion B̂m is a balanced BCM R-
algebra that is not R-solid.
Proof. (i) For each n > 0, there are Tate algebras Tn(k) and convergent power series rings Kn(k)
that are not F -solid [DM(b), Thm. A and Rem. 5.5] for some appropriately chosen non-Archimedean
field (k, |·|) of characteristic p > 0. Consequently, the absolute integral closures R+ of such excellent
regular rings R cannot be R-solid. Note that the convergent power series rings Kn(k) are even
Henselian, and both Tn(k) and Kn(k) have Krull dimension n (see Proposition 3.3.2).
(ii) The fact that B̂m is a balanced BCM R-algebra follows from [BH98, Cor. 8.5.3]. By con-
struction, there is a factorization R → R̂m → B̂m. Thus, if B̂m is R-solid, then R̂m is also a solid
R-algebra, which is impossible by Theorem 6.1.3(iv). 
Remark 6.2.4. Let (R,m) be a Noetherian local domain of mixed characteristic that is not com-
plete. As far as we are aware, all constructions of balanced BCM R-algebras in the literature
proceed by first passing to R̂m and then constructing a balanced BCM R̂m-algebra that is automat-
ically also a balanced BCM R-algebra. See [And18, no 4.2], [Shi18, Proof of Thm. 6.3], and [GR, no
17.5.51]. None of these BCM R-algebras can be R-solid because they contain R̂m.
7. Solidity of absolute integral and perfect closures – a deeper analysis
In the previous subsection, one of our goals was to show that R+ fails to be a solid R-algebra for
nice excellent local domains (Proposition 6.2.3), even though R+ is always a solid R-algebra when
R is a complete local domain as a consequence of the direct summand theorem (Remark 6.2.2(2)).
In this section, we will examine the restrictions that solidity of R+ imposes on the ring R. For
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example, we will see that solidity of absolute integral closures often implies excellence in prime
characteristic (Theorem 7.2.1(iii)), whereas most domains of equal characteristic zero have solid
absolute integral closures because of the existence of splittings arising from trace maps (Proposition
7.3.1(v)). In prime characteristic, solidity of absolute integral closures implies solidity of perfect
closures of a domain. Hence we will also spend some effort understanding when the perfect closure
of a Noetherian domain of prime characteristic is solid. We begin our investigation by exhibiting
close connections between solidity of absolute integral and perfect closures and the well-studied
notions of N-1 and Japanese (aka N-2) rings.
7.1. N-1 and Japanese rings. N-1 and Japanese rings, defined below, are rings for which nor-
malizations satisfy the familiar finiteness properties of finite type algebras over a field and rings of
integers of number fields.
Definition 7.1.1 [Mat80, (31.A), Defs.]. Let R be an arbitrary integral domain with fraction field
K. Then, we have the following notions:
• R is N-1 if the integral closure of R in K is a finite R-algebra.
• R is Japanese or N-2 if the integral closure of R in every finite field extension of K is a
finite R-algebra.
A ring R, not necessarily a domain, is Nagata if R is Noetherian and for every prime ideal p of R,
the quotient ring R/p is Japanese.
Remark 7.1.2. We will use the terminology “Japanese ring,” which is due to Grothendieck and
Dieudonne´ [EGAIV1, Ch. 0, Def. 23.1.1]. By a theorem of Nagata [EGAIV2, Thm. 7.7.2], a Noe-
therian ring is Nagata if and only if it is universally Japanese in the sense of Grothendieck and
Dieudonne´ [EGAIV1, Ch. 0, Def. 23.1.1]. Note that (quasi-)excellent rings are Nagata by the
Zariski–Nagata theorem (see [EGAIV2, Cor. 7.7.3]).
We first record some basic properties of the notions introduced in Definition 7.1.1 for the reader’s
convenience, with brief indications for why the properties are true. Most, if not all, of the properties
appear in [Mat80, §31] or [EGAIV1, Ch. 0, §23], sometimes using slightly different terminology. Note
that we will only study the N-1 and Japanese conditions in the setting of Noetherian rings. Thus,
our statements will usually contain Noetherian hypotheses, even though Noetherianity may not be
strictly needed in some places.
Lemma 7.1.3. Let R be a Noetherian domain with fraction field K. We have the following:
(i) If every finite extension domain of R is N-1, then R is Japanese.
(ii) Suppose that for every finite purely inseparable field extension K ⊆ L, the integral closure
of R in L is a module-finite R-algebra. Then R is Japanese.
(iii) When K has characteristic zero, then R is N-1 if and only if R is Japanese.
(iv) If R is N-1, then its normal locus in Spec(R) is open.
See [Mat80, (31.F), Lem. 4] for a partial converse to (iv).
Proof. (i) Let K ⊆ L be a finite field extension. We have to show that the integral closure S of R
in L is a finite R-algebra. Choose a basis {l1, l2, . . . , ln} of L/K such that the li are integral over
R. Let S′ be the finite R-algebra R[l1, l2, . . . , ln]. Note that the fraction field of S
′ is L. Since S′
is N-1 by hypothesis, it follows that the integral closure of S′ in L is a finite S′, hence also, a finite
R-algebra. But the integral closure of S′ in L is S.
(ii) We have to show that if K ⊆ M is a finite field extension, then the integral closure of R in
M is module-finite over R. Since a submodule of a finitely generated module over a Noetherian
ring is finitely generated, we may enlarge M to assume K →֒ M is normal. The normality of M
then implies that there is a factorization K →֒ L →֒ M such that L/K is purely inseparable and
M/L is separable [Stacks, Tag 030M]. The proof then follows by the hypothesis of the Lemma and
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the fact that integral closures of Noetherian domains in finite separable extensions of their fraction
fields are always module-finite (see [Mat80, (31.B), Prop.]).
(iii) It is clear that a Japanese ring is N-1. Conversely, an N-1 ring whose fraction field has
characteristic zero is Japanese by (ii).
(iv) Let RN be the normalization of R in K. Since R is N-1, R →֒ RN is a finite map, and
hence the cokernel Q is also a finitely generated R-module. The support of Q as an R-module is
therefore closed, and it consists of those points p ∈ Spec(R) for which Rp is not normal by the fact
that taking integral closures commutes with localization [BouCA, Ch. V, §1, no 5, Prop. 16]. The
normal locus in Spec(R) is the complement of the support of Q, and is therefore open. 
A simple sufficient condition for a ring of prime characteristic to be N-1 is the following:
Lemma 7.1.4 (cf. [EG, Proof of Cor. 2.2]). Let (R,m) be a Noetherian local ring of prime charac-
teristic p > 0. If R is F -injective (for example, if R is F -pure), then R is N-1.
Proof. If R is F -injective, then R̂ is F -injective as well by [Fed83, Rem. on p. 473]. Since F -injective
rings are reduced [QS17, Lem. 3.11], this means that R is analytically unramified, and hence R is
N-1 by [Mat80, (31.E)]. 
7.2. Solidity of absolute integral closures and Japanese rings. Our main result of this
subsection relates the solidity of absolute integral closures of Noetherian domains to the Japanese
condition. The notion of F -solidity also allows us to prove a prime characteristic analogue of
Lemma 7.1.3(iii).
Theorem 7.2.1. Let R be a Noetherian domain of arbitrary characteristic and let R+ be the
absolute integral closure of R. Then, we have the following:
(i) If R+ is a solid R-algebra, then R is a Japanese ring.
(ii) Suppose R has prime characteristic. If the perfect closure Rperf of R is a solid R-algebra,
or more generally, if R is F -solid, then R is N-1 if and only if R is Japanese.
(iii) If R has prime characteristic, is generically F -finite, and the condition in (i) holds, then R
is excellent.
Proof. Throughout this proof, let K denote the fraction field of R.
(i) Let L be a finite extension of K. Let S be the integral closure of R in L. We may assume
without loss of generality that L is a subfield of Frac(R+) and S is a subring of R+ (since S is an
integral extension of R). Therefore R-solidity of R+ implies that S is a solid R-algebra (Remark
5.1.2). Since R is Noetherian and the extension R →֒ S is generically finite (the fraction field of S
is L), it follows by Proposition 6.1.2 that S is a finite R-algebra.
(ii) The backward implication is clear because a Japanese ring is always N-1. To show the
forward implication, by Lemma 7.1.3(ii) it suffices to show that if L is a finite purely inseparable
field extension of K, then the integral closure of R in L is a finite R-algebra. If Rperf is a solid R-
algebra, then FR∗R is also a solid R-algebra because it embeds in Rperf (Remark 5.1.2). Therefore,
it suffices to show that every F -solid Noetherian N-1 domain is Japanese. Let RN be the integral
closure of R in K. Note that for every integer e > 0, F e
RN ∗
RN is the integral closure of R in F eK∗K.
Since R is N-1, R →֒ RN is a finite extension of domains. Therefore, F e
RN ∗
RN is a solid RN -algebra
for every e > 0 by Remark 5.2.2, (3) and (4), because R is F -solid. Then for every integer e > 0,
F e
RN ∗
RN is a solid R-algebra by Lemma 5.1.4 because RN is a solid R-algebra by module-finiteness
(see Example 5.1.3). Returning to our finite inseparable extension L/K, there exists e0 ≫ 0 and a
K-algebra embedding of L in F e0K∗K. The integral closure S of R in L is then a subring of F
e0
RN ∗
RN .
Then S is a solid R-algebra because F e0
RN∗
RN is a solid R-algebra. By Proposition 6.1.2 we again
conclude that S is module-finite over R because R →֒ S is generically finite.
We will use (i) to prove (iii) directly, although (i) implies that R is F -solid (after embedding
FR∗R in R
+), which then implies (iii) by [DS18, Thm. 3.2]. Note that by (i), R
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ring. Since Rp is isomorphic to R, it follows that Rp is also Japanese. Using the assumption that
R is a generically F -finite, the extension Kp →֒ K is finite. Thus, the integral closure S of Rp in
K is module finite over Rp. But R is contained in S, so that R is also module finite over Rp by
Noetherianity. Thus, R is F -finite, and consequently, also excellent by [Kun76, Thm. 2.5]. 
Remark 7.2.2.
(1) Lemma 7.1.3(iii) indicates that the difference between N-1 and the Japanese property arises
because of inseparability. Thus, Theorem 7.2.1(ii) shows that F -solidity can be viewed as
an antidote for the bad behavior of inseparable extensions in prime characteristic.
(2) It is natural to ask to what extent the R-solidity of R+ differs from the R-solidity of Rperf
for a ring R of prime characteristic. We will see in Example 7.5.4 that there exist one-
dimensional locally excellent (but not excellent) Noetherian domains R that are not N-1
(hence also not Japanese), but such that Rperf is a solid R-algebra. Thus, R-solidity of Rperf ,
or more generally, F -solidity of R, is weaker than R-solidity of R+ by Theorem 7.2.1(i).
7.3. Solidity of filtered colimits and Japanese rings of characteristic zero. Let R be
domain. Both R+ and the perfect closure Rperf (if R has positive characteristic) can be expressed
as filtered colimits of module-finite R-subalgebras, each of which are R-solid by Example 5.1.3.
Thus, it is natural to wonder how the notion of solidity behaves under filtered colimits of rings.
This topic is pursued in this subsection. Our analysis (Proposition 7.3.1) shows, for example, that
Rperf is always R-solid for a Frobenius split ring. We also find a natural class of excellent DVRs
of prime characteristic that are Frobenius split, but that are not necessarily F -finite or complete.
A partial converse of Theorem 7.2.1(i) is obtained for normal domains that contain the rational
numbers. Although this latter observation is known to experts, the conclusion we draw using it
(Corollary 7.3.2) gives a new characterization of Japanese Noetherian rings in equal characteristic
zero.
Proposition 7.3.1. Let R be a ring, not necessarily Noetherian.
(i) Let {Ri}i∈I be a collection of R-algebras indexed by a filtered poset. Suppose there exists
an index i0 ∈ I such that for all i ≥ i0 there exists an R-linear map ϕi : Ri → R. Assume
the maps ϕi are compatible with the transition maps φij : Ri → Rj in the obvious sense. If
ϕi0 is nonzero map, then colimiRi is a solid R-algebra. In particular, if ϕi0 is a splitting
of R→ Ri0, then R is a direct summand of colimiRi.
(ii) If R has prime characteristic, R is Frobenius split if and only if R → Rperf splits. In
particular, Rperf is a solid R-algebra when R is Frobenius split.
(iii) Suppose R is a Japanese Dedekind domain with fraction field K. Let L be an algebraic
extension of K that is countably generated over K. If RL is the integral closure of R in L,
then R is a direct summand of RL. In particular, RL is a solid R-algebra.
(iv) If R is a Japanese DVR (or more generally, a Japanese Dedekind domain) of prime char-
acteristic such that FK∗K is countably generated over the fraction field K of R, then R is
Frobenius split.3
(v) Suppose R is a domain (not necessarily Noetherian) containing the rational numbers Q.
Then, R is normal if and only if the natural map R→ R+ splits.
Proof. For (i), the existence of an R-linear map Ψ: colimiRi → R follows by the universal property
of colimits and the compatibility condition on the ϕi’s. Since the composition
Ri0 −→ colim
i∈I
Ri
Ψ
−→ R
3This result was observed by Karl Schwede and the first author during the 2015 Math Research Communities in
commutative algebra at Snowbird, Utah.
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coincides with ϕi0 , it follows that if the latter is nonzero, then Ψ must be as well. Consequently,
colimiRi is a solid R-algebra if ϕi0 6= 0. If ϕi0 is additionally a splitting of R→ Ri0 , then ϕi0 maps
1 to 1. Then, Ψ also maps 1 to 1, completing the proof of (i).
For (ii), we apply (i) to the filtered system of R-algebras {F eR∗R}e∈Z>0 where the transition maps
F eR∗R→ F
e+1
R∗ R are just the p-th power Frobenius map. If R is Frobenius split, let ϕ1 : FR∗R→ R
be a splitting of the Frobenius map. Then for each e ≥ 1, define ϕe : F
e
R∗R → R to be the
composition
ϕe : F
e
R∗R
F e−1R∗ ϕ1−−−−−→ F e−1R∗ R
F e−2R∗ ϕ1−−−−−→ F e−2R∗ R −→ · · · −→ FR∗R
ϕ1
−→ R.
Said more simply, ϕe as a map of sets from R→ R is just the composition of ϕ1 with itself e-times.
Then, using the fact that ϕ1 is a left inverse of the Frobenius map, it is easy to verify that the
collection {ϕe} is compatible with the transition maps of the filtered system {F
e
R∗R}e∈Z>0 . Now
taking colimit and using (i), we get that R → Rperf splits. Conversely, if R → Rperf splits, then
the factorization R
F
−→ FR∗R→ Rperf shows that R→ FR∗R splits as well, that is, R is Frobenius
split.
(iv) follows readily from (iii) by taking L to be FK∗K and using the observation that since R
is normal, the integral closure of R in FK∗K is precisely FR∗R. Thus, we now prove (iii). Fix a
countable set of generators {ℓn : n ∈ Z>0} of L over K. For each n ∈ Z≥0, let
Kn := K(ℓ1, ℓ2, . . . , ℓn) = K[ℓ1, ℓ2, . . . , ℓn].
Moreover, let Rn be the integral closure of R in Kn. Note that K0 = K and R0 = R because R is
normal. Furthermore, Rn+1 is the integral closure of Rn in Kn+1, hence the collection of rings {Rn :
n ∈ Z≥0} is filtered with inclusions as the transition maps. Since L is the union of the subfields Kn,
it follows that RL is the colimit of the rings Rn, which are themselves Dedekind domains. As Kn
is a finite extension of K, it follows by the Japanese property that Rn is a module-finite R-algebra,
for all n ≥ 0. Thus, Rn is also module-finite over Rn−1, for all n ≥ 1. Now using the fact that Rn
is a regular ring, fix an Rn−1-linear splitting
sn : Rn −→ Rn−1
of the inclusion Rn−1 →֒ Rn for all n ≥ 1 via the direct summand theorem. Then define
ϕn := s1 ◦ s2 ◦ · · · ◦ sn.
Thus, for n ≥ 1, the map ϕn : Rn → R is an R-linear splitting of the inclusion R →֒ Rn chosen in
a way so that the splittings are compatible with the transition maps of the filtered system {Rn}.
Therefore, the induced map RL → R is a splitting of R →֒ RL by (i).
(v) We first show that if R is normal, then R → R+ splits. Write R+ as a filtered colimit of
its module-finite R-subalgebras Ri with the transition maps given by inclusions. Choose Ri0 = R
and ϕi0 : Ri0 → R to be the identity map on R. Given any finite subalgebra R→ Ri of R
+, define
ϕi : Ri → R to be the restriction of the normalized trace map
1
[Ki : K]
TrKi/K : Ki −→ K
to Ri, where K = Frac(R) and Ki = Frac(Ri). The restricted normalized trace maps Ri into R.
Indeed, if a ∈ Ri, then the minimal polynomial fa(x) of a over K has coefficients in R by normality
of R. Since TrKi/K(a) is an integer multiple of a coefficient of fa(x) [Stacks, Tag 0BIH], and since
R contains Q, it follows that for all a ∈ Ri,
1
[Ki : K]
TrKi/K(a) ∈ R.
38 RANKEYA DATTA AND TAKUMI MURAYAMA
One can check that ϕi is a splitting of R → Ri. We now verify that the maps ϕi are compatible
with the transition inclusions Ri →֒ Rj . So let a ∈ Ri. Then,
ϕj(a) :=
1
[Kj : K]
TrKj/K(a)
=
1
[Kj : Ki][Ki : K]
TrKi/K
(
TrKj/Ki(a)
)
=
1
[Kj : Ki][Ki : K]
TrKi/K
(
[Kj : Ki] a
)
=
1
[Ki : K]
TrKi/K(a) =: ϕi(a).
Here, the second equality follows by the behavior of trace maps under a tower of field extensions,
and the third equality follows because a is already an element of Ki. Thus, the ϕi give a compatible
system of splittings Ri → R, and so, by (i) we get a splitting of R
+ → R.
Conversely suppose R →֒ R+ splits. Let RN be the normalization of R. Using the factorization
R →֒ RN →֒ R+ we see that R →֒ RN also splits. As R →֒ RN is generically an isomorphism, this
implies R →֒ RN must be an isomorphism as well. Indeed, coker(R →֒ RN ) is R-torsion free as it
can identified as a submodule of the R-torsion free module RN , and so, coker(R →֒ RN ) = 0 since
it is generically trivial. 
As a consequence of Proposition 7.3.1 and Theorem 7.2.1, we obtain the following characterization
of the N-1 property for Noetherian domains of equal characteristic zero. Note that this corollary
also gives a new proof of the fact that the N-1 condition coincides with the Japanese property in
equal characteristic zero (cf. the proof of Lemma 7.1.3(iii)).
Corollary 7.3.2. Let R be a Noetherian domain containing the rational numbers Q. Then, the
following are equivalent.
(i) R+ is a solid R-algebra.
(ii) R is Japanese.
(iii) R is N-1.
Proof. We have (i)⇒ (ii) by Theorem 7.2.1(i). Note this is the only place where we will use that
R is Noetherian. The implication (ii)⇒ (iii) follows by the definitions of N-1 and Japanese rings
(Definition 7.1.1).
Thus, it remains to show that (iii)⇒ (i). Let RN be the normalization ofR. Then by assumption,
RN is a module-finite R-algebra, hence R-solid by Example 5.1.3. Moreover, it is clear that R+ =
(RN )+. That (RN )+ is a solid RN -algebra follows by Proposition 7.3.1(v) because RN is normal.
Then, Lemma 5.1.4 implies that R+ = (RN )+ is also R-solid. 
7.4. Solidity and excellence in Krull dimension one. Theorem 7.2.1 and Proposition 7.3.1
raise the question of whether there exist non-excellent domains R of prime characteristic p > 0
such that R+ is R-solid, or more generally, if R is F -solid. In this subsection our main result
shows that N-1 F -solid Noetherian domains of prime characteristic p > 0 and Krull dimension
one are always excellent (Theorem 7.4.1). In particular, we show as a consequence that all F -solid
Dedekind domains of prime characteristic are excellent, although the converse fails even for excellent
Henselian discrete valuation rings by Proposition 5.4.1. The novel aspect of Theorem 7.4.1 is that
unlike [DS18], no generic F -finiteness assumptions are made. Note that it is well-known that a
Dedekind domain whose field of fractions has characteristic zero is excellent (we prove it below for
the reader’s convenience), making the question of excellence for Dedekind domains only interesting
in prime characteristic.
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Theorem 7.4.1. Let R be a Noetherian N-1 domain of Krull dimension one. Suppose R+ is a
solid R-algebra (in which case one does not need R to be N-1), or that R is an F -solid domain
of prime characteristic p > 0. Then, R is excellent. In particular, a Frobenius split (or F -solid)
Dedekind domain is always excellent.
Proof. We directly verify all the axioms for R to be excellent to illustrate to the reader that these
axioms are quite checkable for low-dimensional rings.
We will focus on verifying the axioms when R has prime characteristic p > 0, and mention how
to adapt the proof when the fraction field K of R has characteristic zero. We have to check the
following three axioms that characterize an excellent ring (see Definition 2.2.1).
(1) R is universally catenary: This is immediate because R is a one-dimensional domain, hence
Cohen–Macaulay. And it is well-known that Cohen–Macaulay rings are universally catenary [Mat80,
Thm. 33].
(2) If S is a finite type R-algebra, the regular locus of S is open: By [Mat80, Thm. 73], it suffices
to show that for every p ∈ Spec(R) and for every finite field extension K ′ of the residue field κ(p)
at p, there exists a finite R-algebra R′ with fraction field K ′, such that R′ contains R/p and such
that the regular locus in Spec(R′) contains a nonempty open set. Since R is one-dimensional, p is
either a maximal ideal or the zero ideal. If p is maximal, then one can just take R′ to equal K ′. If
p = (0), then κ(p) is the fraction field K of R. By F -solidity and the fact that A is N-1, Theorem
7.2.1(ii) implies that R is a Japanese ring. Then one can take R′ to be the integral closure of R in
K ′. Note R′ is a one-dimensional normal domain (hence regular) that is module-finite over R with
fraction field K ′.
The argument for property (2) only uses that R has Krull dimension one and is Japanese. Note
that if K has characteristic zero, then R is automatically Japanese when R+ is a solid R-algebra
by Theorem 7.2.1(i).
(3) The formal fibers of the local rings of R are geometrically regular: Let p ∈ Spec(R). We have
to check that the map
Rp −→ R̂p
from Rp to its pRp-adic completion has geometrically regular fibers. If p = (0), the completion
map is an isomorphism and there is nothing to verify. Suppose p is a nonzero maximal ideal of
R. Then Rp is one-dimensional local domain. Thus, Rp has two formal fibers, the closed fiber and
the generic fiber. The closed formal fiber is just an isomorphism of the residue fields of Rp and
R̂p, hence it is always geometrically regular. Let K be the fraction field of Rp (which is also the
fraction field of R), and consider the generic formal fiber
(R̂p)K := K ⊗Rp R̂p.
Observe that (R̂p)K is a zero-dimensional Noetherian ring. Thus, to show that K →֒ (R̂p)K is geo-
metrically regular, it suffices to show that (R̂p)K is a geometrically reduced K-algebra because the
notions “geometrically regular” and “geometrically reduced” agree for zero-dimensional Noether-
ian algebras over a field. Indeed, a geometrically regular Noetherian algebra over a field is always
geometrically reduced because regular rings are reduced. Conversely, if R is a zero-dimensional
Noetherian geometrically reduced k-algebra, then for every finite field extension k′ of k, k′ ⊗k R is
also zero-dimensional, Noetherian and reduced. However, we know that a reduced Noetherian ring
of dimension zero always decomposes as a finite direct product of fields by the Chinese Remainder
Theorem. Thus, k′ ⊗k R is regular, which implies that R is geometrically regular over k.
To show that the formal fibers of Rp are geometrically reduced, we will again use that R is
Japanese by F -solidity and the N-1 property (Theorem 7.2.1(ii)). Since taking integral closures
commutes with localization, Rp is also a Japanese ring. Now because Rp has only two prime ideals
(it is a one-dimensional local domain), this implies that Rp is in fact a Nagata ring by Definition
7.1.1. But a Noetherian local ring is a Nagata ring if and only if its formal fibers are geometrically
40 RANKEYA DATTA AND TAKUMI MURAYAMA
reduced by a result of Zariski and Nagata [EGAIV2, Thm. 7.6.4]. This proves that all formal
fibers of all local rings of R are geometrically regular, completing the proof that an F -solid N-1
Noetherian domain of positive characteristic is excellent.
Again we only used that R is Japanese in the verification of property (3). This shows that one-
dimensional Japanese domains whose fraction fields are of characteristic zero are always excellent.
In particular, Dedekind domains whose fraction fields are of characteristic zero are excellent because
such rings are N-1, and hence Japanese by Lemma 7.1.3(iii). 
Said differently, Theorem 7.4.1 shows that non-excellent Dedekind domains of prime characteris-
tic p > 0 have no nontrivial p−e-linear maps. In particular, Nagata’s non-excellent discrete valuation
ring k⊗kp k
pJtK where [k : kp] =∞ (see [Nag75, App. A1, Ex. 3]), has no nonzero p−e-linear maps.
Remark 7.4.2.
(1) Combined with Lemma 7.1.4, Theorem 7.4.1 shows that if a Noetherian domain of Krull
dimension one is F -pure (or more generally, F -injective) and F -solid, then it is locally
excellent without any N-1 hypotheses. This is because both F -solidity and F -injectivity
are preserved under localization (see [DM(a), Prop. 3.3] for the latter fact). Thus, such a
ring is locally N-1 and locally F-solid, and hence, locally excellent. Note that F-solidity is
crucial and just F-injectivity (or even F-purity) alone does not guarantee that a Noetherian
domain of Krull dimension 1 is locally excellent. For example, there exist non-excellent
DVRs in the function field of P2
Fp
by [DS18, §4.1].
(2) The N-1 hypothesis in Theorem 7.4.1 is necessary even if the one-dimensional domain
is F -solid. In the next subsection we will construct a one-dimensional locally excellent
Noetherian domain R for which Rperf is R-solid but R is not N-1, hence also not excellent
(Example 7.5.4).
(3) Theorem 7.4.1 has the interesting consequence that if R is a normal Noetherian domain of
prime characteristic such that R+ is R-solid, or more generally, if R is F -solid, then for
every height one prime p of R, the localization Rp is excellent. Indeed, since the formation
of absolute integral closures commutes with localization, and since all rings involved are
domains, one can check that if S ⊂ R is a multiplicative set, then (S−1R)+ is also a solid
R-algebra (resp. S−1R is F -solid) by just localizing a nonzero R-linear map from R+ (resp.
FR∗R) to R. Thus, Theorem 7.4.1 applied to the localization Rp implies Rp is excellent. In
other words, an F -solid normal (or, more generally, N-1) Noetherian domain R of prime
characteristic is “excellent in codimension 1.”
Theorem 7.4.1, the results of this paper, and those of [DM(b)] (see also [DS18]) allow us to obtain
a classification of F -solid DVRs, which we now collect and summarize for the reader’s convenience.
Corollary 7.4.3. Let (R,m) be a DVR of prime characteristic p > 0. Consider the following
statements:
(i) R is F -solid.
(ii) R is Frobenius split.
(iii) R is split F -regular.
(iv) R is excellent.
Then, (i), (ii), and (iii) are equivalent, and always imply (iv). All four assertions are equivalent if
R is essentially of finite type over a complete local ring, or the fraction field K of R is such that
K1/p is countably generated over K. However, there exist excellent Henselian DVRs that are not
F -solid.
Proof. The equivalence of (i), (ii), and (iii) follow from Proposition 3.4.1, while each of these
equivalent statements implies (iv) by Theorem 7.4.1.
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That all four statements are equivalent when R is essentially of finite type over a complete
local ring, or if the fraction field K of R has the property that K1/p is countably generated over
K follows from Theorem 3.1.1 and Proposition 7.3.1(iv). Finally, the existence of non-F -solid
excellent Henselian discrete valuation rings follows from Proposition 5.4.1, which in turn depends
on the results of [DM(b)]. 
7.5. A meta construction of Hochster and solidity of perfect closures. In the previous
Subsection we proved that Noetherian N-1 domains of Krull dimension one and prime characteristic
p > 0 that are F -solid are also excellent (Theorem 7.4.1). Our goal in this subsection will be to use
the following meta construction due to Hochster to give examples of non-excellent one-dimensional
domains that are F -solid, and even Frobenius split. In other words, we will show that the N-1
assumption cannot be weakened in Theorem 7.4.1. Moreover, we will also obtain examples of
Noetherian domains of prime characteristic whose perfect closures are solid, but whose absolute
integral closures are not (Example 7.5.4). In a sense Hochster’s construction, and consequently our
examples, are as nice as possible because the rings will be locally excellent.
Theorem 7.5.1 [Hoc73, Props. 1 and 2]. Let P be a property of Noetherian local rings. Let k be
a field, and let (R,m) be a local ring essentially of finite type over k such that
(i) R is geometrically integral;
(ii) R/m = k; and
(iii) for every field extension L ⊇ k, the ring (L⊗k R)m(L⊗kR) fails to satisfy P.
Moreover, suppose every field extension L ⊇ k satisfies P. For all n ∈ Z>0, let Rn be a copy of R
with maximal ideal mn = m. Let R
′ :=
⊗
n∈Z>0
Rn, where the infinite tensor product is taken over
k. Then, each mnR
′ is a prime ideal of R′. Moreover, if S = R′ r (
⋃
nmnR
′), then the ring
T := S−1R′
is a Noetherian domain whose locus of primes that satisfy P is not open in Spec(T ). Furthermore,
the map n 7→ mnT induces a one-to-one correspondence between Z>0 and the maximal ideals of T ,
and
TmnT ≃ (Ln ⊗k Rn)mn(Ln⊗kRn),
where Ln is the fraction field of the domain
⊗
m6=nRm. Thus, each local ring of T is essentially
of finite type over some appropriate field extension of k. In particular, all local rings of T are
excellent, that is, T is locally excellent.
Remark 7.5.2. By definition, the infinite tensor product R′ =
⊗
n∈Z>0
Rn is the filtered colimit
colim
j∈Z>0
( j⊗
n=1
R1 ⊗k R2 ⊗k · · · ⊗k Rj
)
of finite tensor products. Also, implicit in Theorem 7.5.1 is the assertion that for each n ∈ Z>0,
the ideal mn(Ln ⊗k Rn) is a prime ideal of Ln⊗k Rn (Hochster calls this property absolutely prime
in his paper). This follows from the fact that since Rn/mn is isomorphic to the base field k, for
ever field extension L of k, we have
L⊗k Rn/mn ≃ L.
Thus, mn(Ln ⊗k Rn) is in fact a maximal ideal of Ln ⊗k Rn for all n ∈ Z>0. Moreover, as a
consequence of Hochster’s construction, it follows that the dimension of each local ring TmnT equals
the dimension of R. Indeed, the extension Rn →֒ Ln⊗kRn is faithfully flat, and induces a faithfully
flat local extension Rn = (Rn)mn →֒ (Ln ⊗k Rn)mn(Ln⊗kRn). But the closed fiber of this local
extension is a field (the maximal ideal of Rn expands to the maximal ideal of (Ln⊗kRn)mn(Ln⊗kRn)),
hence is zero-dimensional. Therefore,
dim(R) = dim(Rn) = dim
(
(Ln ⊗k Rn)mn(Ln⊗kRn)
)
= dim(TmnT ),
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where the first equality follows because Rn is just a copy of R, the second equality follows by faithful
flatness of the local extension and [Mat89, Thm. 15.1(ii)], and the third equality follows by the
isomorphism in Hochster’s result. In other words, each maximal ideal of T has the same height,
that is, T is equicodimensional and dim(T ) = dim(R). In particular, T has finite Krull dimension.
We can now construct many non-excellent Frobenius split (hence F -solid) rings.
Corollary 7.5.3. Let (R,m) be a Noetherian local Fp-algebra such that
(1) R is essentially of finite type over Fp,
(2) R is geometrically integral over Fp,
(3) R/m = Fp,
(4) R is Frobenius split, and
(5) R is not regular.
Then, the ring T from Theorem 7.5.1 constructed using any R satisfying properties (1)–(5) is a
locally excellent Frobenius split ring whose regular locus is not open. In particular, Tperf is a solid
T -algebra and T is not excellent.
Proof. First, we give an explicit example of a ring R satisfying properties (1)–(5). Let k be a field,
and consider the homogeneous coordinate ring
k[x, y, z]
(y2 − xz)
of a conic in P2k. Note that this ring is an integral domain for any k because it can be identified
with the Veronese subring k[x2, xy, y2] of k[x, y]. Moreover, for any field k of prime characteristic
p > 0, this ring is split F -regular because k[x2, xy, y2] is a direct summand of the split F -regular
ring k[x, y]. In particular, k[x, y, z]/(y2 − xz) is Frobenius split for any k, and consequently, so are
all its local rings. Let
R =
(
Fp[x, y, z]
(y2 − xz)
)
(x,y,z)
.
Then by the above discussion, it follows that R satisfies properties (1)–(4). Furthermore, R is not
regular since it is the local ring at the cone point. Therefore R satisfies all five properties in the
statement of the corollary. From here on, we do not need the specifics of what R actually is, but
only that it has the aforementioned five properties.
Let P be the property of a Noetherian local ring being regular, and fix any Fp-algebra R that
satisfies (1)–(5). Since R is not regular and since regularity descends under faithfully flat maps
[Mat89, Thm. 23.7(i)], it follows that R also satisfies properties (i)-(iii) of Theorem 7.5.1. Construct
T as in Theorem 7.5.1 using a countable number of copies of R. By construction, T is locally
excellent and the regular locus of T is not open (we know this locus is nonempty because T is
generically regular). We will now show that T is Frobenius split. For this it suffices to show that
the ring
R′ :=
⊗
n∈Z>0
Rn := colim
j∈Z>0
(
R1 ⊗Fp R2 ⊗Fp · · · ⊗Fp Rj
)
.
is Frobenius split, because T is a localization of R′ and Frobenius splittings are preserved under
localization. Note each Rn, being a copy of R, is Frobenius split by hypothesis. Fix a Frobenius
splitting ϕ : FR∗R → R of R, and denote by ϕn : FRn∗Rn → Rn the corresponding splitting of the
n-th copy of R. Then, for each j, we get an (R1 ⊗Fp · · · ⊗Fp Rj)-linear map
ϕ1 ⊗ · · · ⊗ ϕj : FR1∗R1 ⊗Fp · · · ⊗Fp FRj∗Rj −→ R1 ⊗Fp · · · ⊗Fp Rj
that maps 1 to 1. But note that since the Frobenius map of Fp is just the identity,
FR1∗R1 ⊗Fp · · · ⊗Fp FRj∗Rj = F∗(R1 ⊗Fp · · · ⊗Fp Rj).
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Thus, for each j, ϕ1⊗· · ·⊗ϕj is a Frobenius splitting of R1⊗Fp · · ·⊗FpRj. Moreover, these Frobenius
splittings are compatible with the transition maps of the filtered system {R1 ⊗Fp · · · ⊗Fp Rj}j in
the sense that for every pair of indices ℓ > j, we have a commutative diagram
F∗(R1 ⊗Fp · · · ⊗Fp Rj) F∗(R1 ⊗Fp · · · ⊗Fp Rℓ)
R1 ⊗Fp · · · ⊗Fp Rj R1 ⊗Fp · · · ⊗Fp Rℓ.
ϕ1⊗···⊗ϕj ϕ1⊗···⊗ϕℓ
where the horizontal maps come from the transition map R1 ⊗Fp · · · ⊗Fp Rj → R1 ⊗Fp · · · ⊗Fp Rℓ
that sends x1⊗· · ·⊗xj to x1⊗· · ·⊗xj⊗1⊗· · ·⊗1. Taking colimits now gives a Frobenius splitting
of the ring R′, which is what we wanted. Note that if T is Frobenius split, then Tperf is a solid
T -algebra by Proposition 7.3.1(ii). Hence the last assertion of the Corollary follows. 
Using Corollary 7.5.3 we will now show that there exists a locally excellent Noetherian domain
R of Krull dimension one which is Frobenius split (in which case Rperf is a solid R-algebra), but for
which R+ is not a solid R-algebra. In particular, this example will also show that F -solidity alone
cannot imply the Japanese property without the N-1 hypothesis in Theorem 7.2.1(ii), and that,
similarly, F -solidity alone cannot imply excellence in Krull dimension one (see Theorem 7.4.1).
Example 7.5.4. Let R be the local ring at the origin of the node over Fp, that is,
R =
(
Fp[x, y]
(y2 − x3 − x)
)
(x,y)
.
Since the coordinate ring of the node is a domain over any field, it follows that R is geometrically
integral over Fp. We know that R is not regular (hence not normal since it is one-dimensional).
However, an application of Fedder’s criterion [Fed83, Thm. 1.12] shows that R is Frobenius split.
By Corollary 7.5.3, the ring T constructed using R is locally excellent, Frobenius split, but not
excellent. In particular, Tperf is a solid T -algebra. That T has Krull dimension one follows from
Remark 7.5.2. We claim that T+ is not a solid T -algebra. Indeed, if it is, then Theorem 7.2.1(i) will
imply that T is Japanese, and hence N-1. However, this is impossible by Theorem 7.4.1 because
an F -solid N-1 Noetherian domain of Krull dimension one is always excellent, whereas T is not.
Remark 7.5.5. Hochster’s construction provides a wealth of examples of locally excellent domains
that are not excellent (Theorem 7.5.1). Said differently, excellence in not a local property. Example
7.5.4 shows that the properties of being N-1 and Japanese are also not local. At the same time, the
N-1 property is often local by [Mat80, (31.G), Lem. 4].
Example 7.5.4 illustrates that Rperf can be a solid R-algebra even when R
+ is not. We now show
solidity of perfect closures for most rings that arise in algebro-geometric applications. To establish
this, we exploit the following observation of Hochster and Huneke that is related to the notion of
test elements in tight closure theory.
Lemma 7.5.6 [HH90, Lem. 6.5]. Let ϕ : A→ R be a module-finite and generically smooth (equiv-
alently, generically geometrically reduced) map, where A is a normal domain and R is torsion-free
as an A-module. Let r1, r2, . . . , rd ∈ R be a vector space basis for K
′ = K ⊗A R over the fraction
field K of A, and let
c := det
(
TrK ′/K(rirj)
)
.
Then, c is a nonzero element of A such that cRperf ⊆ Aperf [R].
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In the above lemma, Aperf [R] is the image of the unique map Aperf ⊗A R → Rperf obtained by
the universal property of the tensor product that makes the diagram
A Aperf
R Rperf
ϕ ϕperf
commute. Moreover, since ϕ is a finite map, having a smooth generic fiber is the same as having a
geometrically reduced generic fiber, which is in turn the same as having an e´tale generic fiber.
Using Lemma 7.5.6, we can show solidity of the perfect closure in many geometric situations.
Proposition 7.5.7. Let ϕ : A→ R be a module-finite extension of domains of prime characteristic
p > 0 such that A is normal and Noetherian. If Aperf is a solid A-algebra (for example, if A is
Frobenius split), then Rperf is a solid R-algebra.
Proof. Since A → R is a module-finite extension of Noetherian domains, to show that Rperf is a
solid R-algebra, it suffices to show that Rperf is a solid A-algebra by [Hoc94, Cor. 2.3]. Consider
the chain of maps
A −→ Aperf
ϕperf
−−−→ Rperf .
Since A→ Aperf induces an algebraic extension of fraction fields, by Lemma 5.1.4 it further suffices
to show that Rperf is a solid Aperf -algebra. Note that Aperf → Rperf need not be a finite map even
though A → R is. Hence more work has to be done to establish Aperf -solidity of Rperf . For every
e > 0, let A1/p
e
[R] denote the image of the relative Frobenius map
F eR/A : A
1/pe ⊗A R −→ R
1/pe .
We claim that the kernel of F eR/A is precisely the nilradical of A
1/pe ⊗A R. Indeed, F
e
R/A induces a
homeomorphism on spectra, which means that ker(F eR/A) is contained in the nilradical of A
1/pe⊗AR.
On the other hand, the nilradical of A1/p
e
⊗AR must be contained in ker(F
e
R/A) because R is reduced.
The upshot of this argument is that for each e > 0,
(A1/p
e
⊗A R)red ≃ A
1/pe [R].
Note also that the module-finiteness of ϕ : A → R implies that for each e > 0, the map A1/p
e
→
A1/p
e
[R] is a module-finite extension. By [DS19, Prop. 2.4.2.1], we may choose e≫ 0 such that the
induced map
A1/p
e
−→ (A1/p
e
⊗A R)red ≃ A
1/pe [R]
has geometrically reduced generic fiber. Module-finiteness implies that having a geometrically
reduced generic fiber is the same as having a smooth generic fiber (see the proof of (3) in Theorem
7.4.1). Moreover, A1/p
e
[R] is a torsion-free module over the normal domain A1/p
e
. Hence, by
Lemma 7.5.6 applied to the finite extension A1/p
e
→֒ A1/p
e
[R], there exists a nonzero c ∈ A1/p
e
such that
c
(
A1/p
e
[R]perf
)
⊆ A
1/pe
perf
[
A1/p
e
[R]
]
= A
1/pe
perf [R].
But A1/p
e
[R]perf = Rperf and A
1/pe
perf = Aperf , which means that left multiplication by c induces
a nonzero map Rperf → Rperf whose image lands inside Aperf [R]. Restricting the codomain of
this map shows that Rperf is a solid Aperf [R]-algebra. On the other hand, Aperf →֒ Aperf [R] is a
module-finite extension of domains because it is the composition of the module-finite maps
Aperf
id⊗ϕ
−−−→ Aperf ⊗A R−→ Aperf [R].
Then, Aperf [R] is Aperf -solid by Example 5.1.3. Thus, Rperf is a solid Aperf -algebra upon applying
Lemma 5.1.4 to the composition Aperf →֒ Aperf [R] →֒ Rperf . 
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Upon taking a Noether normalization one can now conclude that the perfect closure of any
algebra that is of finite type over a prime characteristic field is solid over the algebra. In fact we
obtain the following more general consequence.
Corollary 7.5.8. Let A → R be a module-finite extension of domains such that A is regular and
essentially of finite type over a complete local ring of prime characteristic p > 0. Then, Rperf is a
solid R-algebra.
Proof. Since regular rings are F -pure, A is Frobenius split by Theorem 3.1.1, and hence Aperf is
A-solid by Proposition 7.3.1(ii). Since A is also normal, we are done by Proposition 7.5.7. 
Finally, we observe that the analogue of Proposition 7.5.7 for the solidity of the absolute integral
closure has a significantly simpler proof.
Proposition 7.5.9. Let A → R be a module-finite extension of Noetherian domains. If A+ is a
solid A-algebra, then R+ is a solid R-algebra.
Proof. The module-finite extension A → R induces an an isomorphism A+
∼
→ R+. Thus, R+ is a
solid A-algebra, and so, R+ is a solid R-algebra by [Hoc94, Cor. 2.3]. 
Remark 7.5.10. If R is a domain that is also a finite type algebra over a field k, then Proposition
7.5.9 shows that R-solidity of R+ reduces to the question of the solidity of the absolute integral clo-
sure of a polynomial ring over k upon taking a suitable Noether normalization. However, somewhat
surprisingly, the question of whether k[x1, x2, . . . , xn]
+ is a solid k[x1, x2, . . . , xn]-algebra seems to
be completely open unless unless k has characteristic zero, in which case solidity follows by Proposi-
tion 7.3.1(v). See Question 8.4 and Proposition 8.5 for some further details regarding this. In fact,
the authors do not know of a single non-excellent example of a Noetherian domain A of positive
characteristic for which A+ is a solid A-algebra (Question 8.10).
8. Some open questions
For the reader’s convenience, we collect a few questions that to the best of our knowledge are
open and related to the results of this paper and [DM(b)]. We will summarize what is known about
these questions.
We begin with some questions on the variants of the usual notion of strong F -regularity. While
split F -regularity and F -pure regularity do not coincide even for excellent Henselian regular local
rings (Theorem 3.3.4), we showed that every regular ring essentially of finite type over an excellent
local ring is F -pure regular (Theorem 3.2.1). This raises the following question.
Question 8.1. Is every excellent regular ring of prime characteristic F -pure regular?
We expect (though cannot show) that there are regular rings that do not satisfy the ideal-theoretic
characterization of F -pure regularity from Proposition 3.2.3. However, we do not know if any such
examples can be excellent. Theorem 3.2.1 and Remark 3.2.2 show that the characterization of
F -pure regularity in Proposition 3.2.3 is satisfied for regular or even strongly F -regular rings of
prime characteristic that are essentially of finite type over an excellent local ring. This suggests that
while Question 8.1 may be true for excellent regular rings, there may be counterexamples for non-
excellent regular rings. On the other hand, any example of a regular ring that is not F -pure regular,
excellent or not, would be interesting in its own right because it will show that Hochster’s tight
closure notion of strong F -regularity (Definition 2.4.1(c)) does not coincide with F -pure regularity
for regular rings. In particular, this would indicate that Definition 2.4.1(c) is the most appropriate
variant of the usual notion of strong F -regularity in a non-F -finite setting.
In [DM(b)], we obtained examples of excellent F -pure rings that are not Frobenius split. However,
the rings that we construct satisfy the stronger property that they do not admit any nonzero p−1-
linear maps. Thus the following question arises.
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Question 8.2. Suppose R is a Noetherian F -pure ring of prime characteristic p > 0 that admits
a nonzero p−1-linear map. Is R Frobenius split?
We showed in Proposition 3.4.1 that Question 8.2 has an affirmative answer when R is a DVR, and
in [DS18] it was shown that the question has an affirmative answer when R is a generically F -finite
domain. However, to the best of our knowledge Question 8.2 is open even for excellent local rings
of Krull dimension one that are not regular, and for regular local rings of Krull dimension greater
than one. We expect any progress on Question 8.2 to also shed light on the following question.
Question 8.3. Suppose R is a regular local ring that is Frobenius split. Is R split F -regular?
This question also seems to be open when R has Krull dimension greater than one, while the case
of Krull dimension one follows by Proposition 3.4.1. A likely first step is to try and see if the
convergent power series rings Kn(k) are split F -regular whenever k is a complete non-Archimedean
field that admits nonzero continuous functionals k1/p → k and n > 1. Note that we know that
Kn(k) is Frobenius split for any such k by [DM(b), Thm. 4.4], while split F -regularity is known in
a few cases; see Proposition 3.3.8 and Remark 3.3.9.
Switching gears, we now highlight some open questions on the solidity of absolute integral closures.
The next question is particularly surprising.
Question 8.4. Let k be a field of prime characteristic p > 0 (one can even take k = Fp). Is the
absolute integral closure k[x]+ a solid k[x] algebra?
Note that the question has an affirmative answer if we replace the polynomial ring over k by the
power series ring kJxK by Lemma 2.3.3, because the map kJxK → kJxK+ is pure since kJxK is regular,
and hence a splinter. We would now like to show that if k is F -finite, then solidity of k[x]+ implies
that the map k[x]→ k[x]+ splits.
Proposition 8.5. Let R be any domain of prime characteristic p > 0. Then, we have the following:
(i) Let S be any R-algebra. Then,
IS/R := im
(
HomR(S,R)
eval@1
−−−−→ R
)
is a uniformly F -compatible ideal of R.
(ii) Suppose R is Noetherian, generically F -finite, and split F -regular. If S is a solid R-algebra,
then R→ S splits.
(iii) If R is Noetherian, generically F -finite, split F -regular, and R+ is a solid R-algebra, then
R→ R+ splits.
Recall that an ideal I of a ring R of prime characteristic is uniformly F -compatible if, for all e ∈ Z>0
and for every p−e-linear map ϕ, we have ϕ(F eR∗I) ⊆ I. See [Sch10, Def. 3.1].
Proof. The basic idea of the proof of (i) comes from the proof of [MS, Thm. 5]. If R is not F -solid,
then IS/R is uniformly F -compatible because the only p
−e-linear map on R is the trivial one for any
e > 0 by Remark 5.2.2(3). It therefore suffices to consider the case when R is F -solid. Consider an
integer e > 0, and a p−1-linear map φ ∈ HomR(F
e
R∗R,R). Note that we have a natural map
ηφ : HomF eR∗R(F
e
S∗S,F
e
R∗R) −→ HomR(S,R)
given by ηφ(ψ) := φ ◦ ψ ◦ F
e
S , where F
e
S is the e-th iterate of the Frobenius on S. We then get a
commutative square
HomF eR∗R(F
e
S∗S,F
e
R∗R) HomR(S,R)
FR∗R R
ηφ
eval@1 eval@1
φ
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The image of the left vertical evaluation map is just F eR∗IS/R. By the commutativity of the diagram
and the definition of IS/R, it now follows that
φ(F eR∗IS/R) ⊆ IS/R.
Since φ was an arbitrary p−e-linear map of R for an arbitrary e > 0, this proves (i).
(iii) clearly follows from (ii), and hence it remains to show (ii). If R is Noetherian, generically
F -finite and split F -regular, then R is F -solid, and hence, F -finite by [DS18, Thm. 3.2]. Then, R
has a smallest nonzero uniformly F -compatible ideal with respect to inclusion, namely the big or
non-finitistic test ideal τ [Sch10, Thm. 6.3]. However, F -finiteness and split F -regularity implies
that τ = R. Now if S is a solid R-algebra, then the ideal IS/R from (i) is nonzero by Remark 5.1.2.
Since IS/R is a uniformly F -compatible ideal by (i) , it follows that R = τ ⊆ IS/R by the minimality
of τ . Thus, 1 ∈ IS/R, which is equivalent to the splitting of R→ S. 
Remark 8.6. A result of Hochster and Huneke shows that every weakly F -regular Noetherian
domain R is a splinter, in the sense that every module-finite extension of domains R →֒ S splits
[HH94(b), Thm. 5.17]. Note that S is a solid R-algebra for any such finite extension by Example
5.1.3. Thus, it appears that the property of being a Noetherian F -finite split F -regular domain
is quite a bit stronger than that of being a splinter by Proposition 8.5(ii) because this property
implies splitting of any solid algebra, module-finite or not. Proposition 8.5 and Lemma 2.3.3 also
have the interesting consequence that when (R,m) is F -finite, split F -regular, and complete local,
then purity of an R-algebra S is equivalent to the R-solidity of S.
Since conjecturally Noetherian F -finite splinters are split F -regular, the following question then
arises.
Question 8.7. Let R be a Noetherian F -finite splinter. If S is a solid R-algebra (not necessarily
module-finite), then does R→ S split?
A negative answer to Question 8.7 will imply that Noetherian F -finite splinters are not split F -
regular in general, although both notions are known to coincide forQ-Gorenstein rings [Sin99, Thm.
1.1]. On the other hand, a positive answer will likely shed light on the equivalence of weak and
split F -regularity for Noetherian F -finite rings, which is one of the outstanding open problems in
prime characteristic commutative algebra.
The uniform F -compatibility of the images of evaluation at 1 maps raises the question of char-
acterizing the images of such maps, at least for some special extensions of rings.
Question 8.8. Suppose R is a Noetherian excellent domain of prime characteristic p > 0 (one
may assume R is F -finite or complete local). If R+ is a solid R-algebra, then what is the image of
evaluation at 1 map
HomR(R
+, R)
eval@1
−−−−→ R ?
Note that the solidity assumption is important in Question 8.8 because Proposition 6.2.3 shows
that there are excellent Henselian regular local rings R of prime characteristic for which R+ is
not a solid R-algebra. Using the notation of Proposition 8.5, suppose IR+/R is the image of this
evaluation at 1 map. If IR+/R = R, then R is a splinter because the map R →֒ R
+ splits, and
so, must also be pure. However, we do not know if the converse holds, even in the case where
R is F -finite. In Appendix A, Karen E. Smith will provide an answer to Question 8.8 when R is
Gorenstein and either complete local or N-graded and finitely generated over R0 = k a field, by
reinterpreting results from her fundamental thesis (see Theorems A.0.2 and A.3.2).
One can replace R+ by Rperf in Question 8.8 and ask what the image IRperf/R of the evaluation at
1 map HomR(Rperf , R)→ R is. In this case, regardless of whether R is excellent, IRperf/R = R if and
only if R is Frobenius split. This equivalence follows by Proposition 7.3.1(ii). Now suppose R is not
necessarily Frobenius split. Then IRperf/R 6= R. Let p be a prime ideal of R such that IRperf/R * p
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(no such prime ideal will exist if Rperf is not a R-solid). Choose an element a ∈ IRperf/R such that
a /∈ p. Then there exists an R-linear map φ : Rperf → R that sends 1 to a. Localizing at p and using
the fact that perfect closures commute with localization, we then get a map φp : (Rp)perf → Rp that
maps 1 to a unit in Rp because a /∈ p. Then the composition
(Rp)perf
φp
−→ Rp
−·a−1
−−−−→ Rp
sends 1 to 1. Consequently, Rp is Frobenius split. Thus, the closed subset Z of Spec(R) defined by
IRperf/R contains the non-Frobenius split locus of Spec(R). However, since
Rp ⊗R HomR(Rperf , R) 6= HomRp
(
(Rp)perf , Rp
)
in general, it is not clear to the authors if Z coincides with the non-Frobenius split locus of Spec(R).
Thus, we raise the following question:
Question 8.9. Let R be a Noetherian domain of prime characteristic p > 0. Suppose Rperf is a
solid R-algebra. Then, does the image of the evaluation at 1 map
Hom(Rperf , R)
eval@1
−−−−→ R
define the non-Frobenius split locus of R?
We showed that a Noetherian domain R with solid R+ is Japanese. However, we do not know
any examples in prime characteristic of Noetherian domains with solid absolute integral closure
when such domains are not complete local. This raises the final question in our summary of open
questions.
Question 8.10. Is there a non-excellent Noetherian domain of prime characteristic p > 0 for which
R+ is a solid R-algebra?
Examples of non-excellent Noetherian domains R with solid R+ abound when R contains Q because
solidity of R+ is then equivalent to R being Japanese by Corollary 7.3.2. In prime characteristic,
R+ can be replaced by Rperf and then the analogue of Question 8.10 for Rperf has an affirmative
answer by Corollary 7.5.3.
Appendix A. Solidity of absolute integral closures and the test ideal
KAREN E. SMITH
The purpose of this appendix is to address the following question raised in Section 8:
Question A.0.1 (see Question 8.8). Suppose R is a complete local domain of prime characteristic
p > 0. What is the image of the “evaluation at 1” map
HomR(R
+, R) −→ R?
Here, R+ denotes the absolute integral closure of R – that is, the integral closure of R in an
algebraic closure of its fraction field.
We prove the following satisfying answer, at least in the Gorenstein case:
Theorem A.0.2. Let (R,m) be a complete local Noetherian Gorenstein domain of prime charac-
teristic p > 0. Then the image of the evaluation at 1 map
HomR(R
+, R)
eval@1
−−−−→ R
is the test ideal τ(R) of R.
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A graded version also holds; see Theorem A.3.2.
The image of the evaluation map in Question A.0.1 was shown to be a uniformly F -compatible
ideal in general in Proposition 8.5 of the main paper. Uniformly F -compatible ideals, introduced
by Schwede as a prime characteristic analog of log canonical centers (see [Sch10, Def. 3.1]), are a
generalization of the F -ideals introduced in [Smi94] as annihilators of Frobenius-stable submodules
of the top local cohomology module of a Noetherian local ring (R,m) and later generalized in
[Smi95(a)] and [LS01]. In the Gorenstein case, there is a unique smallest nonzero F -ideal (or
uniformly F -compatible ideal), which was shown in [Smi94] to be the famous test ideal τ(A) of
Hochster and Huneke’s tight closure theory. This was a key step in the proof that the tight closure
of a parameter ideal in a local excellent ring is equal to its plus closure [Smi94]. Our proof of
Theorem A.0.2 invokes the methods of [Smi94].
Remark A.0.3. Theorem A.0.2, in particular, implies that R+ is a solid R-algebra (see Definition
5.1.1), in light of Hochster and Huneke’s result that a complete local domain always admits a test
element [HH90, §6].
A.1. Tight Closure and Test Ideals. Tight closure, introduced by Hochster and Huneke, is
a closure operation on submodules of a fixed ambient module M over an excellent ring of prime
characteristic p > 0. One property is that, for modules over a regular ring, all submodules are
tightly closed. Another property is that local domains for which all ideals are tightly closed are
Cohen-Macaulay [HH90, Rem. 7.1]. Using these two properties, Hochster and Huneke gave a simple
conceptual proof that direct summands of regular rings are Cohen-Macaulay in prime characteristic,
and many other important results in commutative algebra. The basic theory is developed in [HH90].
Definition A.1.1. Let R be a Noetherian domain of prime characteristic p > 0. Let M be any
R-module, and let N ⊂ M be a submodule. The tight closure of N in M , denoted N∗M , is the
collection of elements m ∈ M for which there exists a nonzero element c ∈ R such that c⊗m lies
in the image of the canonical map
F e∗R⊗R N → F
e
∗R⊗R M (A.1.1.1)
for all e≫ 0.
Two special cases are of particular interest. One is when the ambient module M is R, so we are
computing tight closures of ideals, and the other is when M is arbitrary but N is zero.
To verify a module is tightly closed using the definition above, we would need to consider maps of
the form (A.1.1.1) above for all nonzero c. Fortunately, it turns out that so-called test elements
exist that can be used to check an element is in the tight closure by checking relations (A.1.1.1) for
just one “test element” c.
Definition A.1.2. Let R be a Noetherian domain of prime characteristic p > 0. A nonzero element
c ∈ R is a test element if for all ideals I of R,
cI∗ ⊆ I
(equivalently, for all a ∈ I∗, cap
e
∈ I [p
e] for all e > 0). Equivalently, c is a test element if and only
if c annihilates the tight closure of zero in every finitely generated module M .
Definition A.1.3. The test ideal of R, denoted τ(R), is the ideal of R generated by all test
elements.
A deep theorem of Hochster and Huneke ensures that the test ideal τ(R) is nonzero when (R,m)
is a complete local domain (and quite a bit more generally); see [HH94(a), §6].
The behavior of tight closure is a bit murky for non-finitely generated ambient modules. For this
reason, the following definition is needed: For any module M , the finitistic tight closure of zero in
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M is
0∗fgM :=
⋃
M ′
0∗M ′ ,
where M ′ ranges over all finitely generated submodules of M . Note that 0∗fgM ⊆ 0
∗
M , and that these
are equal if M is finitely generated.
The test ideal can be characterized as follows:
Proposition A.1.4 [HH90, Prop. (8.23)(d)]. Let (R,m) be a Noetherian local domain of prime
characteristic p > 0. Let E denote an injective hull of its residue field. Then
τ(R) = AnnR(0
∗fg
E ).
A.2. The Proof of Theorem A.0.2. We will deduce Theorem A.0.2 from the following result:
Theorem A.2.1 [Smi94, Thm. 5.6.1.]. Let (R,m) be an excellent local domain of prime character-
istic p > 0 and dimension d. Then the kernel of the canonical map
Hdm(R)→ H
d
m(R
+)
is precisely 0∗fg
Hdm(R)
.
Remark A.2.2. A key point in the proof of Theorem A.2.1 above is that
0∗fg
Hdm(R)
= 0∗
Hdm(R)
in the Gorenstein case. An open question predicts that 0∗E = 0
∗fg
E in general for the injective hull of
the residue field E of a local ring [Smi93, §7]. This is equivalent to the long-standing open question
about the equivalence of strong and weak F -regularity; see [Smi93, Prop. 7.1.2], [LS01, Prop. 2.9].
In general, since 0∗fgE ⊆ 0
∗
E , this conjecture is equivalent to saying that the corresponding inclusion
of annihilators AnnR(0
∗
E) ⊆ AnnR(0
∗fg
E ) is an equality by [Smi94, Lem. 3.1(v)].
4
Theorem A.0.2 will follow by applying Matlis duality to Theorem A.2.1.
A.2.3. Matlis Duality. Let (R,m) be a complete Noetherian local ring of dimension d, and let
E be an injective hull of its residue field. Matlis duality is the exact contravariant functor on
R-modules sending each M to M∨ := HomR(M,R). This functor takes Noetherian modules to
Artinian modules, and vice versa, and is involutive when restricted to either class of modules: that
is (M∨)∨ ∼=M if M satisfies either the ACC or DCC condition on submodules.
The canonical module of (R,m) in this context is defined as any R-module ωR that is a Matlis
dual to the local cohomology module Hdm(R). Since H
d
m(R) is Artinian, ωR is Noetherian. The ring
R is a canonical module of itself when R is Gorenstein – a sister fact to the fact that E can be
taken to be Hdm(R). See [BH98; HK71] for basics on Matlis duality and the canonical module.
Matlis duality gives us a perfect pairing
ωR ×H
d
m(R)→ E
which can be concretely understood by viewing w ∈ ωR as inducing the R-linear map “evaluation
map”
ϕw : H
d
m(R)→ E
4 The ideal AnnR(0
∗
E) of R is called the non-finitistic test ideal or the big test ideal , although the latter term is
a bit confusing since it is a priori smaller than the usual (finitistic) test ideal AnnR(0
∗fg
E ). The name “big” comes
from the fact that the elements of AnnR(0
∗
E) can be used as test elements even for non-finitely generated modules
whereas the elements of the usual test ideal AnnR(0
∗fg
E ) works (a priori) only for tests where the ambient module is
Noetherian.
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given that, by definition, ωR = HomR(H
d
m(R), E). In particular, for an R-submoduleM of H
d
m(R),
we can define the annihilator of M in ωR, denoted AnnωR M ,
{w ∈ ωR | ϕw(m) = 0 for all m ∈M} ⊂ ωR
where ϕw : H
d
m(R)→ E is as defined above. See [Smi93, §2.4] for details on this point of view.
With this definition and notation, we collect a few facts.
Lemma A.2.4. Let (R,m) be a Noetherian, S2, complete local ring of dimension d, and let E be
an injective hull of its residue field. If M is a submodule of Hdm(R), then M
∨ ∼= ωR/AnnωR M .
Proof. See [Smi93, Prop. 2.4.1.(i)]. 
Lemma A.2.5. (R,m) be a Noetherian complete local ring of dimension d, and let E be an injective
hull of its residue field. For any R-module map φ : R → S, the Matlis dual of the induced map
Hdm(R)
φ∗
−→ Hdm(S) can be identified with the map
HomR(S, ωR)→ ωR Ψ 7→ Ψ(φ(1)).
Proof. This is really a much more general fact, following from the adjointness of tensor and Hom.
First note that Hdm(R)
φ∗
−→ Hdm(S) can be identified with the map
R⊗R H
d
m(R)
φ⊗id
−−−→ S ⊗R H
d
m(R).
So applying the Matlis dual functor HomR(−, E) we have
HomR(S ⊗R H
d
m(R), E)→ HomR(R⊗R H
d
m(R), E) sending Φ 7→ Φ ◦ (φ⊗ id),
which, under adjunction, becomes the map
HomR
(
S, HomR(H
d
m(R), E)
)
→ HomR
(
R, HomR(H
d
m(R), E)
)
sending Ψ 7→ Ψ ◦ φ.
Now using the identification of HomR(H
d
m(R), E) with ωR, we have a map
HomR(S, ωR)→ HomR(R,ωR) sending Ψ 7→ Ψ ◦ φ,
and since the latter is identified with ωR via the map f 7→ f(1), this becomes
HomR(S, ωR)→ ωR Ψ 7→ Ψ(φ(1)),
that is, the “evaluation at φ(1)” map. 
Proof of Theorem A.0.2. Let (R,m) be a complete local Gorenstein domain of dimension d. We
first recall that because (R,m) is Gorenstein, the local cohomology module Hdm(R) is an injective
hull of the residue field of R. Thus the test ideal for R is the annihilator of the R-module 0∗fg
Hdm(R)
.
By Theorem A.2.1, the test ideal is then also the annihilator of the kernel of the natural map
Hdm(R)→ H
d
m(R
+).
To relate this to the evaluation at 1 map, we apply Matlis duality to the exact sequence
0→ 0∗fg
Hdm(R)
→ Hdm(R)→ H
d
m(R
+). (A.2.5.1)
Using Lemma A.2.5 to analyze the Matlis dual of this sequence, we get an exact sequence
HomR(R
+, ωR)
eval@1
−−−−→ ωR → (0
∗fg
Hdm(R)
)∨ → 0.
On the other hand, this sequence can be rewritten as
HomR(R
+, ωR)
eval@1
−−−−→ ωR → ωR/AnnωR 0
∗fg
Hdm(R)
→ 0,
where we have used Lemma A.2.4 for the identification
(0∗fg
Hdm(R)
)∨ ∼= ωR/AnnωR 0
∗
Hdm(R)
.
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Thus, by exactness, the evaluation at 1 map
HomR(R
+, ωR)
eval@1
−−−−→ ωR φ 7→ φ(1)
has image
AnnωR 0
∗fg
Hdm(R)
,
an important submodule of ωR called the parameter test module in [Smi95(a)]. In the Gorenstein
case, using the fact that ωR ∼= R and H
d
m(R)
∼= E, we finally conclude that the image of
HomR(R
+, R)
eval@1
−−−−→ r φ 7→ φ(1)
is the test ideal by Proposition A.1.4. Theorem A.0.2 now follows. 
A.3. Graded variants of absolute integral closures. Suppose that (R,m) is an N-graded
domain, finitely generated over R0 = k, a field, and with unique homogeneous maximal ideal m. In
this case, there are two graded variants of R+.
Take any z ∈ R+, and let
f(x) = xn + a1x
n−1 + · · ·+ an−1x+ an (A.3.0.1)
be a monic polynomial over R witnessing the integrality of z over R. We say that f(x) is homoge-
nous if each ai is homogeneous in R and there is a choice of rational number β ∈ Q such that,
setting deg x = β, the polynomial f(x) becomes homogeneous. Equivalently, this says that there
exists a rational number β such that deg ai = iβ for all i. We say that z ∈ R
+ has degree β in this
case; it is not hard to see that this is well-defined [HH93, Lemma 4.1]. Using this, Hochster and
Huneke defined the following two natural subrings of R+ [HH93]:
Definition A.3.1. Let R be an N-graded domain, finitely generated over R0 = k, where k is a
field of characteristic p > 0. Then
• R+GR is the subring of T+ generated by all elements a ∈ T+ that satisfy some homogeneous
equation (A.3.0.1) of integral dependence. Note that R+GR is Q-graded.
• R+gr is the subring of R+ generated by all elements a ∈ R+GR of integral degree. Note that
R+gr is N-graded.
Both R+gr and R+GR are big Cohen-Macaulay R-algebras in prime characteristic p > 0, by [HH93,
Main Thm. 5.15].
We work in the category of Z-graded R-modules. In particular, for Z-graded R-modules M and
N , and d ∈ Z, we say that an R-linear homomorphism f : M → N has degree d if f(Mn) ⊂ Nn+d
for all n ∈ Z. The set of all homomorphisms of degree d is written Homd(M,N). We are interested
in the module of graded homomorphisms
*HomR(M,N) =
⊕
d∈Z
Homd(M,N),
which is a Z-graded R-module. If M is finitely generated, it is not hard to see that *HomR(M,N)
is the same as HomR(M,N), but in general the former module may be strictly smaller.
The following analogue of Theorem A.0.2 holds:
Theorem A.3.2. Let R be an N-graded Gorenstein domain, finitely generated over R0 = k, where
k is a field of characteristic p > 0. Then the image of the evaluation at 1 map
*HomR(R
+gr, R)
eval@1
−−−−→ R
is the test ideal τ(R) of R. The same holds if we replace R+gr by R+GR, and define
*HomR(R
+GR, R) =
⊕
d∈Q
Homd(R
+GR, R).
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Proof. First note that for simple degree reasons, R+gr →֒ R+GR splits over R+gr and hence over R.
This implies that the maps
*HomR(R
+gr, R)
eval@1
−−−−→ R and *HomR(R
+GR, R)
eval@1
−−−−→ R
have the same image. So it suffices to prove the statement for the Z-graded R-module R+gr.
Now the proof is essentially the same as in the complete case, but we work in the graded (∗)
category instead, using graded Matlis duality and a graded analog of Theorem A.2.1.
A.3.3. Graded Matlis duality. [For details, see [BH98].] If E denotes an injective hull of the residue
field of the graded ring (R,m) at the unique homogeneous maximal ideal, then E is Z-graded, and
we can define a graded Matlis dual functor
M 7→M∨ = *HomR(M,E)
which has all the same properties we reviewed for complete local Noetherian rings, provided we
restrict to graded R-modules. In particular, because Hdm(R) is graded, its graded Matlis dual is the
canonical module ωR, which is a graded R-module. We still have a perfect pairing ωR×H
d
m(R)→ E
which respects the grading, so the annihilator of a graded submodule of Hdm(R) in ωR can be defined.
With this set-up, the following graded analogues of Lemmas A.2.4 and A.2.5 hold, whose proof we
omit.
Lemma A.3.4. Let (R,m) be an S2 N-graded domain of dimension d, finitely generated over
R0 = k, a field, and with unique homogeneous maximal ideal m. Let E be an injective hull of its
residue field R/m.
(1) If M is a graded submodule of Hdm(R), then M
∨ ∼= ωR/AnnωR M .
(2) For any graded map of graded R-modules φ : R→ S, the graded Matlis dual of the induced
map Hdm(R)
φ∗
−→ Hdm(S) can be identified with the map
*HomR(S, ωR)→ ωR Ψ 7→ Ψ(φ(1)).
Returning to the proof of Theorem A.3.2, the main theorem of [Smi95(b)] states that I∗ =
IR+gr∩R = IR+GR∩R for homogeneous parameter ideals I in R. So using the method of [Smi94],
we see also that the finitistic tight closure of zero in Hdm(R) is graded, and is the kernel of either
of the natural maps Hdm(R)→ H
d
m(R
+gr) or Hdm(R)→ H
d
m(R
+GR). In particular, we have an exact
sequence of graded modules
0→ 0∗fg
Hdm(R)
→ Hdm(R)→ H
d
m(R
+gr)
whose graded Matlis dual produces an exact sequence of graded R-modules
*HomR(R
+gr, ωR)
eval@1
−−−−→ ωR → ωR/AnnωR(0
∗fg
Hdm(R)
)→ 0
as before. Using the fact that R is Gorenstein, we conclude that the image of
*HomR(R
+gr, R)
eval@1
−−−−→ R
is the test ideal τ(R) following the same argument as in the complete case, finishing the proof of
Theorem A.3.2. 
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